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Abstract 

An oscillator group G is a semidirect product of a Heisenberg group with a one- 
parameter group. In this article we construct Olshanski semigroups for infinite-dimensional 
oscillator groups. These are complex involutive semigroups which have a polar decompo¬ 
sition. The main application will be for representations it of G which are semibounded, 
i.e., there exists a non-empty open subset U of the Lie algebra g such that the operators 
id7r(x) from the derived representation are uniformly bounded from above for x £ U. 
More precisely we show that every semibounded representation of an oscillator group G 
extends to a non-degenerate holomorphic representation of such a semigroup and con¬ 
versely each non-degenerate holomorphic representation of such a semigroup gives rise to 
a semibounded representation of G. The main application of this result is a classification of 
representations of the canonical commutation relations with a positive Hamiltonian, which 
will be obtained in a subsequent paper. Moreover it yields direct integral decomposition 
into irreducible ones and implies the existence of a dense subspace of analytic vectors for 
semibounded representations of G. 

Keywords: infinite-dimensional Lie group; complex semigroup; semibounded representa¬ 
tion; oscillator group 
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1 Introduction 

For a finite-dimensional Lie group G and an invariant cone W in its Lie algebra g (cones are 
assumed to be convex), such that the spectrum of the operators adx is purely imaginary for x 
in the algebraic interior of W, one can associate a corresponding Olshanski semigroup Tg(W) 
(Lawson’s Theorem). It is a complex involutive semigroup and has a polar decomposition 
Tg(^ 0 = Gexp(zW), cf. |NeOO| . For infinite-dimensional Lie groups there is no general 
analogous result, even not for Banach-Lie groups. However, there are natural examples of 
Olshanski semigroups which arise as compression semigroups of bounded symmetric domains in 
complex Banach spaces, symmetric Hilbert domains, and real forms of such domains ( [NeOlj ). 
In this paper we address the problem of the existence of Olshanski semigroups Tg(W) when G 
belongs to the class of infinite-dimensional oscillator groups described below. The main goal 
is to obtain a better understanding of the canonical commutation relations with a positive 
Hamiltonian which is achieved in a subsequent paper using holomorphic extensions of the 
corresponding representations to the complex semigroups associated to oscillator groups. 

Let (V,u) be a locally convex symplectic vector space and 7 : R —» Sp(V, oj) be a one- 
parameter group of symplectomorphisms defining a smooth action of R on V and denote by 
D := 7 / ( 0 ) its generator. Then the Lie group 

G(V,oj, 7 ) := Heis(E, u) x 7 R 

is called an oscillator group, where Heis(V, w) := R x w V is the Heisenberg group with multi¬ 
plication given by 

(t,x) (s,y) = (t + s + ±u(x,y),x + y). 

The Lie algebra of G(V, 01 , 7 ) is g(V, 01 , 7 ) = (icis(V, oj) xi £> R with the bracket 

[(f, v, s ), (t 1 , v', /)] = (ur(v, v'), sDv' — s'Dv, 0). 

There is a particular interesting class of oscillator groups Ga ■= Heis(V)i, oja) x 7a R labeled by 
injective non-negative operators A on complex Hilbert spaces Ha, where Va = C°°(A) C Ha 
is the domain of smooth vectors for A, u>A(x,y) = Im (Ax,y) and 7 . 4 (f) = e ltA . In particular, 
the symplectic form lua is induced by a complex structure on a pre-Hilbert space Va, which 
is not always the case for a general symplectic space (V,uj), see [Ro93| . The groups Ga are 
called standard oscillator groups. 

Each Ga contains a canonical dense subgroup G® which has a complexification Ga, c- F° r 
every non-empty open invariant cone W in Ga we construct a complex semigroup Sw C Ga ,c 
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and show that it is a complex involutive semigroup and has a polar decomposition. The main 
application will be for semibounded representations of Ga- 

Let G be a Lie group with an exponential map and n : G —> U (H) be a unitary represen¬ 
tation which is smooth, i.e., the space of smooth vectors 


'H ca := {v £ H : G —> g *->■ Tr(g)v is smooth} 

is dense in 7i. For a smooth representation n : G —> U (H) we define the derived representation 

d 


d 7 r : g —> EndjjH 00 ), dir(x)v : = 


dt 


t =o 


7r(exp(tx))u, 


which is a representation of the Lie algebra g of G by essentially skew-adjoint operators on 
. We call 7 r semibounded if the support function 


s n : g —>• M U {oo}, s 7r (x) : = sup(Spec(zd 7 r(x))) 


is bounded on a non-empty open subset of g. The basic concept of semibounded represen¬ 
tations was developed in |Ne091 INe08j . One important point is that s n can be expressed in 
terms of the momentum set I n C g', where g' denotes the topological dual of g. It is defined 
as the weak-*-closed convex hull of the image of the momentum map 


^ : F(n°°) -)■ g', 


1 (d7r(x)u, v) 
i (v,v) 


Then we have Si T (x) = —\ni{I n ,x),x G g and set B(I n ) := {x € g : Stt(x) < oo}. 

Generalizing the main result of |MN11] which only applies to Banach-Lie groups we show 
that every semibounded representation of a simply-connected Mackey-complete Lie group 
extends to a holomorphic representation of a complex semigroup, provided this semigroup 
exists. Specializing to oscillator groups this implies that every semibounded representation of 
Ga extends to a holomorphic representation of some S\,y. which allows us to construct C*- 
algebras associated to S\,y whose representations correspond to semibounded representations 
of Ga- This in turn implies the existence of direct integral decomposition of semibounded 
representations into irreducible ones in the separable case. Furthermore it plays a central 
role in the classification of representations of the canonical commutation relations with a 
positive Hamiltonian, which will be obtained in [Zel5| . cf. also (Zel4j . Other C'*-algebras 
whose representations correspond to the regular representations of the canonical commutation 
relations were constructed in [GN09j . For a detailed discussion of complex semigroups and 
holomorphic extensions of representations of finite-dimensional oscillator groups we refer to 
(HC)92j . 

Now we give an outline of this paper. In Section 2 we classify the open invariant cones in an 
oscillator algebra g := g(V, w, 7 ) under the mild condition that DV C V is dense and consider 
some basic properties of semibounded representations ir of G(V,uj, 7 ). In particular we give 
a formula for s n . Under the assumption that DV C V is dense and G(V,cv, 7 ) embeds into a 
standard oscillator group Ga, cf. [NZ13| . we show that every semibounded representation 7 r of 
G(V,u, 7 ) extends to a semibounded representation of Ga- In particular, 7 r is automatically 
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smooth with respect to the coarser subspace topology on G(V,lo, 7 ) C Ga ■ Therefore the 
semibounded representations of standard oscillator groups essentially cover those of general 
oscillator groups. 

Section 3 is devoted to the construction of the Olshanski semigroups corresponding to 
non-empty open invariant cones W in the Lie algebra 0^4 of Ga- This is done in the following 
way: We consider the dense subgroup G® := HeisfV 0 , u>a) x 7A M of Ga where V° C Va 
denotes the space of 7 ^-holomorphic vectors. Here V° is equipped with a natural topology 
which is finer than the G°°-topology on Va- Then G^ is a Frechet-Lie group and admits a 
complexification Ga, c- For each non-empty open invariant cone W we show that the subset 
S w = G% ■ exp c (?:(W n g^)) of G a ,c is an open subsemigroup. Moreover we show that Sw 
admits an involution and a polar decomposition, i.e., the map 

Ga X (W n Qa) s w , (g , w) ^ g exp c (iw) 

is a diffeomorphism, whose inverse turns out to be analytic if W is a proper cone. 

In Section 4 we consider holomorphic extensions of semibounded representation of general 
Lie groups, where we assume that the corresponding complex semigroups exist. More precisely 
we show that every semibounded representation of a simply-connected Mackey complete Lie 
group extends to a holomorphic representation of such a complex semigroup. This generalizes 
a result from jMNllj for Banach-Lie groups to Mackey complete Lie groups. Furthermore 
we prove, under natural sufficient conditions, the extendability of smooth resp. semibounded 
representations of dense subgroups. This will be used in Section 5 to show that a semibounded 
representation n of Ga extends to non-degenerate holomorphic representation of the complex 
semigroup corresponding to the cone B^I^), which implies that ir has a dense space of ana¬ 
lytic vectors. Moreover we show that for a non-empty proper open invariant cone W C 0 a 
there is a one-to-one correspondence between semibounded representations ir of Ga satisfying 
W C 13(1^)° and non-degenerate holomorphic representations of Sw which preserves commu- 
tants. From [NeOBj it is known that the non-degenerate holomorphic representations of Sw 
correspond to representations of certain G*-algebras. This will allow us to apply G*-methods 
to semibounded representations of Ga- 

A result on the existence of complex semigroups associated to elliptic open invariant 
cones W in a general Banach-Lie group G would be desirable, where W is called elliptic 
if e Rada: c End( 0 ) is equicontinuous for all x £ W. This has not been obtained so far. How¬ 
ever an alternative approach avoiding complex semigroups is established in |NSZ15| . which 
makes G*-methods available for semibounded representations of any metrizable Lie group 
yielding in particular direct integral decomposition of semibounded representations into irre¬ 
ducible ones. Moreover a refinement of some methods used from jMNllj shows that every 
semibounded representation n of a Banach-Lie group G extends locally to a holomorphic map 
in the following sense: There exists an open O-neighborhood U in 0 and a complex manifold 
structure on U x (U VW-A) such that the map U x (U r\WA — > B{T-L), (. x,w ) i-A 7 r(exp(x))e* d7r ^) 
is holomorphic. Now one can consider the G*-algebra C B{T~L ) generated by ■K{G)e lA ' K ^ w ^ 
and conclude that every non-degenerate representation p of A n yields a semibounded rep¬ 
resentation pc of G determined by p(Tr(g)a) = pG{g)p(a),g £ G, a £ A w . This also makes 
G*-methods available for semibounded representations of Banach-Lie groups and moreover 
yields a dense subspace of analytic vectors for such. 
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2 Oscillator groups 

2.1 The exponential function of an oscillator group 

We always want the oscillator groups G{V,uj,^) to have an exponential map. Concerning this 
we have the following proposition. 


Proposition 2.1. Let V be a locally convex space , Z a Mackey complete locally convex space, 
uj : V x V —> Z a skew-symmetric bilinear map and 7 : E —>• GL(P) a one-parameter group 
with <jj{pf(t)x, r y{t)y) = ui(x,y) for x,y £ V, t € E ; and such that 7 induces a smooth action of 
K on f. Consider the Lie group G := (Z x u V) x 7 E and assume that for every x £ V the 
map b x (t ) := 7 (t)x has a V-valued integral, i.e., there is a smooth curve B x : E —>• V with 
B' x = b x . In particular J^'y(t)xdt = B x (b) — B x {a) for a, 6 £ E. Then G has an exponential 
map given by 

exp (z,x,s)= + - J j uj (^y(stt')x, 'y(st)x) tdt'dt , J 7 (st)xdt , (2-1) 


for ( z,x,s ) £ 0 = L(G). 

Proof. Let exp be defined as in (12.111 . Differentiation under the integral sign shows that exp is 
smooth. Now let (z,x,s) £ 0 and define a(k) := exp (kz,kx,ks) for k € E. Then integration 
by substitution yields 


a(k) 



(^(sktt')x,^(skf)x) k 2 tdt'dt 



r y(skt)kxdt , 


kz 4— f f uj (^f(stt')x, 7 (st)x) tdt'dt 

2 Jo Jo 





Therefore 


a(k) 



( r y(skt')x,j(sk)x) kdt' , j(sk)x 



( 2 . 2 ) 


For g £ G denote by l g (h) = gh , h € G, the left multiplication with g. Then we have 


d(h 


Zl,Xi,Si 


) )(0,0,0)(z 2 ,x 2 ,s 2 ) = ^ 


t =0 


(fz\,x\, Si) • (tz 2 ,tx 2 ,ts 2 )) 


= [z 2 + iw(xi,7(si)x 2 ),7(si)x 2 ,S2)- 


In particular 


d{lexp(kz,kx,ks)) (0j 0) 0)(z, 


Z + 


f 

J 0 


uj (j(kst)kx, j(ks)x) dt , 7 {ks)x 



With (|2.2p we obtain that the logarithmic derivative of a satisfies (5(a) = (z,x,s). Since 
exp( 0 , 0 , 0 ) = ( 0 , 0 , 0 ), we conclude that a is a one-parameter group and therefore exp is an 
exponential map for G. □ 
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Remark 2.2. If V is Mackey complete then the condition in Proposition 12.11 that the maps 
b x (t) = 7 (t)x,x G V, have a R-valued integral is automatically satisfied. 

When we talk about an oscillator group G(V,uj, 7 ) we shall always assume that the maps 
t 1-7 7 (f)x, x G V, have a R-valued integral. Hence G(V,u, 7 ) has an exponential map and it 
is given by formula ( 12 . 11 ) . 

Definition 2.3. Let H / 0 be a complex Hilbert space, 7 : R —> U (H) a unitary one- 
parameter group and A = A* its self-adjoint generator with A > 0 and kerH = 0. Let 
Va '■= C°°(A) be the space of 7 -smooth vectors in Ha ■= H equipped with the C^-topology 
and uja(x,ii) := lm(Ax,y) for x,y G Va- Then the oscillator group 

Ga '■= Heis(Vj 4 , wa) x 7 R = R x^ a Va x 7 R 

is called a standard oscillator group. Its Lie algebra is 0,4 := f)eis (Va,uja) x p R, where 
D := iA\y A . Note uja(x, y) = —Ke(Dx, y) and that D(Va) C Va is dense f [NZ131 Lem. 4.1(b)]). 

Proposition 2.4. The adjoint action of Ga is given by 

Ad(t', x' , s')(t, x, s) = — R e(Dx', 7 (s')x) + - \\Dx'\\ 2 s, 7 (s')x — sDx', . (2.3) 

For A = (t*,a,s*), the coadjoint action of Ga is given by 

Ad*(t',x',s')X= ^t*, a o 7 (— s') + t*Re(Dx', •), —||Dx , || 2 + s')x') + . (2.4) 

Proof. For (12.4|) see [NZ13( Rmk. 2.5] and ()2.3I) is shown similarly. □ 

Since we are mainly interested in semibounded representations of G := G(V,uj, 7 ) we 
may assume by [ NZ13 , Thm. 5.9 and Rmk. 2.4] to have a standard oscillator group Ga = 
Heis(V] 4 , oja) x 7 R with Lie algebra 0,4 and a dense inclusion V Va such that the corre¬ 
sponding inclusions G Ga and 0 ^ 04 are morphisms of Lie groups resp. Lie algebras. 
We keep this assumption for Section [2j Note that the topology on 0 is finer than the topology 
on qa- 

2.2 Open invariant cones in oscillator algebras 

In this subsection we want to classify all open invariant cones in the Lie algebra 0 . We shall 
see that every open invariant cone W in 0 is completely determined by its intersection with 
the two-dimensional maximal abelian subalgebra t := R x {0} x R. Furthermore we will clarify 
which open cones in t give rise to proper invariant open cones in 0 . 

Definition 2.5. We define 

Woo := R x Vax]0, 00 [, Cqo := W Q0 flt=Rx {0}x]0, 00 [ 

and 

W d := {(t,x,s) G Woo ■ t - ^||x || 2 + ds > 0}, C d :=W d r t 

for d G R. 
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Remark 2.6. Note that Cd = {(t, 0, s) : s > 0, t + ds > 0}. Hence the sets Cd for d £ R := 
M U {oo} are exactly the non-empty open cones in the upper half-plane M x {0}x]0,oo[ for 
which one boundary ray is given by the positive axis ]0, oo[x{0} x {0}. 

Remark 2.7. For dsRwe define the map 


fd ■ Woo M, (t,x, s) e^-t + ds - ^||x|| 2 . 

Note that Wd = f~f 1 (M. > o) for all d £ M. 

Theorem 2.8. Let D{V ) C V be dense. Then the following assertions hold: 

(a) Every proper open invariant cone W in g is either contained in W 00 or —Woo- 

(b) For every open invariant cone W C 0 fl W,oo we have ]0, oo[x{0} x {0} C W fl t. 

(c) Wd = int(Ad(GU)C( 2 ) is a proper open invariant cone in qa for all d £ M. 

Proof. Recall the adjoint action of Ga from (12.3j) : 

Ad (t', x', s')(t, x, s) = ft — R e(Dx', 7 (s')x) + -||-Da/|| 2 s, 7 (V):r — sDx', . (2.5) 

Since D(V) C V is dense, we conclude 

(Ad {G)U) fit/ 0 for every non-empty open subset U C 0 (2.6) 

and 

11 1 

- Ad( 0 , x\ 0 )(t, x , s ) + - Ad(0, — x', 0 )(t, x, s) = (t + — ||^4cc / || 2 s, x, s ). (2-7) 

(a) Suppose there is a proper open invariant cone W in 0 which is neither contained in Woo 
nor in —Woo- Then we find (to,x,s), (tf.x', s 1 ) £ W such that s > 0 and s' < 0. Since W is 
open and invariant, we may in view of (12.61) achieve that x = x' = 0 . As IT is invariant and 
convex, we then conclude with (12.71) that (i, 0, s), (t', 0, s') £ W for all t > to and t' < t' Q . Let 
A := —y. Since IT is a cone we have A (t, 0, s) = (At, 0, —s') £ W for all t > to- Now we choose 
ti > to,t 2 < t' 0 with Ati + t 2 = 0 and conclude that 0 = ^(Ati,0, — s') + 5 ^ 2 , 0 , s') £ W, a 
contradiction to the assumption that W is proper. 

(b) Since W C Woo equation (12.71) implies that ]0, oo[x{0} x {0} C lim(lT fl t) C W fl 1. 

(c) Let d £ R. Obviously Wd is open, proper and AR^ C Wd for A £ M>o- Consider 


fd ■ Woo M, (t, x, s) 1 y t -|- ds ^||x|| 2 . 

Recall Wd = ff) 1 (M. > 0 ) from Remark 12.71 Let a\ = (ti,xi,si) and 02 = {t 2 ,X 2 ,S 2 ) be in Wd- 
Set y\ := and 7/2 := 7 -^ 2 - By convexity of the map x ||x|| 2 we have 


si 


si + s 2 


\\yi 


+ 


S 2 


Si + S 2 


IMI 2 > 


S \V\ + S 2 V2 
Si + S 2 


11^1 + *^211 2 

(si + S 2) 2 ' 
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Thus we obtain 

2 (/d(ai + a 2 ) - fd(ai) - f d {a 2 )) = si||^-^i|| 2 + s 2 ||^X2|| 2 - + x 2 \\ 2 > 0. 

This shows a\ + a 2 G Wd and we obtain that W d is a cone. Obviously Wx> is an open invariant 
cone. Now let d G R. By (12.51) we obtain Ad(Gvl)Cd C W d and with (NelObl Lem. 2.8] we 
conclude u\t{Ad(G a)C ( i) C int (Wd) = Wd- Since A(Va) C Va is dense we obtain from (12.51) 
that (Ad(GU)?7) H t 7^ 0 for every non-empty open subset £/ C gA- Since Wd is open we 
conclude that Wd C Ad {GA)C d . Hence we get W d = int(Ad(Gvi)Cd). Now we see that W d is 
Ad-invariant. □ 

Proposition 2.9. Assume that D(V) C V is dense. The non-empty proper open invariant 
cones in the oscillator algebra g are given by ±Wdfig, where d G R. In particular, every open 
invariant cone in g is the intersection of an open invariant cone in gA with g . 

Proof. From Theorem 12.8( c) we obtain that ±W d D g is an open invariant cone in g. Now 
let W C g be a non-empty proper open invariant cone in g. By Theorem 12.8( a) we may 
assume that W C Wx> D g and with Theorem 12.8( b) we further obtain W fl t = Cd for some 
d G R. Then Ad (G)C d C W. From the density of D(V) in V and equation (12.31) we further 
obtain W d fig C lb (cf. definition of W d )■ Thus W d fig C int W = W. If d = 00 we obtain 
W = Wx> D g. Hence we may assume d G R. Recall 

fd ■ Woo -t R, ( t,x,s ) eAt + ds- ^||rc|| 2 

and W d = / ( ^ 1 (M > o) from Remark VTT\ From (12.61) we obtain W C A.&(G)CdL\W 00 C WWWx)- 
Thus /d(a) > 0 for all a G W since W d D Wx> is the closure of W d in Wx> because W» is 
open in g^. Since W is open in g the equality fd{ao) = 0 for some ao G W would imply the 
existence of a a\ G W with fd{ai) < 0 which is a contradiction. Thus W C / (i _1 (M>0) = Wd- 
Hence in all, we get W = W d fl g. This completes the proof. □ 

Remark 2.10. The cones W d ,d G R are open in g^ = R x Va x R when Va is equipped 
with the || • ||-topology, since W d = / (i _1 (R>o) and fd : W» —>■ R is || - ||-continuous for d G R. 
Hence if D(V) C V is dense, then by the preceding proposition the open invariant cones in 
g = Rxb x R are also open when V is equipped with the || • ||-topology. 

2.3 Semibounded representations 

Let 7 t : G = G(V,uj, 7 ) —X U('H) be a semibounded representation. If D(V) C V is dense, 
then the open invariant cone is either equal to g or contained in W» or —Wx> (Theo¬ 

rem [2T8]( a)). 

Lemma 2.11. Let n : G —> U (H) be a smooth representation with 7^ 0 and such that 

4 C {0} x V' x R. Then 7r|R X £)(y) x {o} is trivial. 

Proof. Let A = (0, a, s*) G I n and choose (t, x, s) G B(I , r )°, s/ 0. By (|2.4I) we have 

(Ad*(0, v, 0)A)(t, x, s) = a(x) + s*s + sa(Dv) 
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for v £ V. Since inf^gy (Ad*(0, v, 0)A)(t, x, s) > —oo we conclude that a(D(V)) = {0}. Thus 
we obtain I n C (lx F>(V) x {0})- 1 , i.e., ( d.Tv(a)w,w ) = 0 for all a £ [g,g] = R x D{V) x {0} 
and w £ B 00 . Hence R x D(V ) x {0} C ker(d7r) since TL 00 C TL is dense. Now the statement 
follows. □ 

Proposition 2.12 (Bounded representations). Let n : G —> U {TL) be a smooth representation 
with B{I n ) = g. Then 7r| Kx £)(y) x ro} is trivial. In particular, if D{V) C V is dense, then 
7r llIeis(I/,a;) ^ trivial. 

Proof. Recall our assumption h/ 0. Let A = (t*,a,s*) £ I, r and choose 0 / x E V and v E V 
with uj(v,x) ^ 0. By equation (12.411 

(Ad*(0, cv, 0)A)(0, x, 0) = a(x) — ct*ui{v , x) 

for all ceM. Since B(I n ) = g we have (0,x,0) € B(0\) and thus 

—oo < inf (Ad*(0, cv, 0)A)(0, x, 0) = a(x) — sup{ct*w(u, x) : c £ R}. 

cGR 

Hence t* = 0 since oj(v,x) ^ 0. Thus we obtain C {0} x V' x R. Lemma 12.111 now implies 
that 7r| KxD( y) x{0} is trivial. □ 

Remark 2.13. Note that the map 

if : heis(H, u>) x d R —> heis(V, — oj) xid R, ip(t, v, s) := (— t, v, s) 

defines an isomorphism of Lie algebras. An analogous statement holds for the corresponding 
Lie groups. 

Remark 2.14. Let ir : G = G(V,u, 7) —> U (TL) be a semibounded representation and assume 
D(V) C V dense. By applying [NZ131 Rmk. 2.4] and Remark 12. 131 we may switch from R(/ 7r )° 
to —B(I n )° while ui(Dx,y) remains positive definite, so that we still have G C Ga as above. 
Thus we may further assume that B(I n )° C VLoo (Proposition 12.121 and Theorem 12.8f all. 

Lemma 2.15. The map 

F : {(t, i,s)£g:s/0}-lt, (t, x, s) >-)• (t - 0, s) 

is || • \\-continuous, open and Ad-invariant. Moreover, if D(V) C V is dense, then 
(t, x, s) £ Ad(G)F(t, x, s) and F(t,x,s) £ Ad(G)(t,x,s) 
hold for all (t, x, s) £g,s/ 0. 

Proof. Recall the adjoint action (12.311 : 

Ad(f', x ', 0 )(t, x, s) = (t — R e(Dx', x) + | HUx'll 2 , x — sDx', s). 
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Hence 


F(Ad(t', x', 0 )(t, x, s)) = (t — Re(x, Dx') + |||ZLe '|| 2 — s ^ x ^ , 0, s) 
= (t - %r,0,s) = F(t, x, s). 


Moreover F(Ad(0,0, x, s)) = F(t, r j(s')x, s) = F(t,x,s). Hence F is Ad-invariant. Ob¬ 
viously F is || • ||-continuous and open. Now suppose that D(V) C V is dense and let 
(t, x, s) G 0 , s ^ 0. Then 


Ad ( 0, —yjO ) (t — 


2s 


, 0 ,S) = 


+ 


Ill'll 2 


Dx', s 


shows that ( t,x,s ) G Ad (G)F(t,x,s). That F(t,x,s ) lies in Ad (G)(t,x,s) is shown by a 
similar argument. □ 

Remark 2.16. Note that F restricts to the identity on {(f,0,s) € t : s ^ 0}. Thus, if the 
adjoint orbit O a of a := (t,x,s) G g, s ^ 0 intersects t, the element F(t,x,s ) is the unique 
intersection point of O a with t. If D : V — > V is not surjective then there are orbits O a which 
do not intersect t. 


Proposition 2.17. Let it : G —>• U ifH) be a smooth representation with G C Ga as above. 
Assume D{V) C V dense. Then the support function satisfies 


s„(t,x,s) 




( 2 . 8 ) 


for all ( t,x,s ) G 0 with s / 0. Moreover is continuous when V is equipped with the 

|| • || -topology. 

Proof. Recall F from Lemma 12.151 and let (t, x,s) € g, s 0. As a supremum of linear 
functionals, the support function s T : g A R U {oo} is lower semicontinuous, i.e. the sets 
{a G g : s n (a) < c} are closed in g for all cGR. Since s v is also Ad-invariant, we obtain from 
(■ t,x,s ) G Ad (G)F(t,x, s) (see Lemma f2.151) that ( t,x,s ) lies in the closed set 


{a G g : s w (a) < s w (F(t,x,s))}. 

Hence s n (t,x,s) < Sn(F(t, x, s)). Moreover F(t,x,s ) G Ad (G)(t,x,s) by Lemma T2.151 which 
implies s n (F(t,x,s )) < s n ((t,x,s)) in the same fashion. Therefore we have shown that 

Sir(t,X,s) = S n (F(t,X,S )) =Sn(t- 

If B(I n )° = g then Proposition 12.121 implies that s^ft, x, s) = s ■ s„-(0,0,1) for s > 0 and 
s n (t,x,s) = — s ■ s„-(0,0, — 1) for s < 0. In particular, then is continuous. In view of 
Proposition 12.91 we thus may assume B(I n )° C Wqq, i.e. we have for every ( t,x,s ) G B(I n )° 
that s > 0. From (12.81) we obtain F(B(I n )) C B(I n ) D t and since F is open, F(t,x,s ) = 
(t ~ 0, s) lies in the interior of B(I n ) D t in t for every (t, x, s ) G B(I n )°. As t is finite¬ 

dimensional the convex function s 7r | int (B(/ 7r ) nt ) is continuous. Thus we conclude with (12.81) that 
s Tr\B(l n )° is II ■ 11-continuous. □ 
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Remark 2.18. Suppose we are in the situation of Proposition 12.171 and let Wd flji C B(I n )° 
for some d G R. The Definition 12.51 of Wd shows that (t — 0, s) G Wd fl t holds for all 

(t. x, s) G Wd- Since Wd fl t C B(I n )° fl t the map 

/ ll^lp \ 
s : W d -s- R, (t, x, s ) Sn [t -—, 0, sj 

is a || • ||-continuous extension of s^-lu^ng to the open subset Wd C 0 a- 

Corollary 2.19. Let D(V) C V be dense. A smooth representation n : G —> U {Li) is 
semibounded if and only if the set B(I n ) contains interior points. 

Proof. If B{I n )° 7 ^ 0 then s n is locally bounded on B(I n )° by Proposition 12.171 so that n is 
semibounded. □ 

Lemma 2.20. Let tt : Ga —> U (H) be a smooth representation. If — id 7 r( 0 , 0,1) is bounded 
from below then n is semibounded. If tt is semibounded with 7 r(f, 0 ,0) = e**l then —id 7 r( 0 , 0 ,1) 
is bounded from below and B(I n )° = lx Vax]0, oo[. 

Proof. Let b := s 7 r (0,0,1) < oo. By passing to it <g) Xa for a suitable character Xa(t,x,s ) = 
e' ias ,a G M, on Ga we may assume that 6 = 0. Consider the closed cone C := s“ 1 (] — oo, 0]) in 
0A- By Proposition 12.171 the paraboloid {( 2 - ’ a b l) : x ^ Pa} is contained in C hence also 
its closed convex hull. As C is a cone we conclude C° ^ 0 and thus n is semibounded. Now 
assume 7r(f,0,0) = e lt l. Then I n C {1} X V' A X R. Let A = (l,a, s*) G I n . By Proposition 12.41 

(Ad*(0, v, 0)A)(f, x, s) = t + a(x) + R e(Dv, x) + |||Dt )|| 2 + sa(Dv) + s*s, 

which is a quadratic form in v. If ( t,x,s ) G B(I n ) G it is bounded from below and thus s > 0. 
Hence B(I n )° C K x Vax]0, oo[. By Proposition 12.171 and vr(t, 0,0) = e lt l 

\\x\\ 2 

s 7r (t,x,s) = — -t + s-s 7r ( 0,0,1) (2.9) 

2s 

for s / 0. If 7 T is semibounded we may choose (to,xo,so) G B(I 7r )°. Then (12.91) implies 
(0,0,1) G B(In) and furthermore R x Vax] 0, oo[ C B(I n )°. □ 

Theorem 2.21. Let G C Ga be as above and assume that D{V) C V is dense. Then every 
semibounded representation tt : G —> U(%) extends (uniquely) to a semibounded representation 
tt# : G a -> U (PL). 

Proof. By Remark 12.141 we may assume that B(I W )° C Woo- Hence B(I n ) 0 = Wd D 0 for 
some d G R (Proposition 12.91) . By Remark 12.181 the support functional s^-| B(l n )° extends to a 
continuous map s : Wd —> R. Thus the assertion follows from [NSZ15I Prop. 6 . 2 ], □ 
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3 Complex semigroups associated to Ga 

In this section we associate complex involutive semigroups to the standard oscillator group Ga- 
More precisely, we consider a dense subgroup G® C Ga (with a finer topology) which admits 
a complexification Ga, c- For the open invariant cones Wd C QA,d G R, we then consider the 
subset Sd = G^ ■ exp c (H V®) of Ga,c , where Wf = Wd fl g®. We show that Sd is an open 
complex subsemigroup which admits a natural involution turning it into a complex involutive 
semigroup. The semigroups Sd will be useful for studying the semibounded representations of 
Ga (cf. Section [5j). 

3.1 Complex oscillator groups 

Let us first recall the definition of a complex involutive semigroup from |Ne08j . 

Definition 3.1. (a) An involutive complex semigroup is a complex manifold S modeled 

on a locally convex space endowed with a holomorphic semigroup multiplication and an 
involution denoted by * : S —>• S, s eA s* which is an antiholomorphic antiautomorphism. 

(b) A function a : S —> R>o is called an absolute value if 

a(s) = a(s*) and a(st) < a(s)a(t) 

for all s,t E S. 

(c) A holomorphic representation n of a complex involutive semigroup S on the Hilbert space 
H is a morphism it : S —> B(H) of semigroups with 7r(s*) = vr(s)* for s £ S such that 
7 r is holomorphic if B(H) is endowed with its natural complex Banach space structure 
defined by the operator norm. If a is an absolute value on S, then the representation ir 
is said to be a-bounded if ||7r(s)|| < a(s) holds for each s G S. The representation 7r is 
called non-degenerate if tt(S)v = {0} implies v = 0. 

Consider a standard oscillator group Ga = Heis(V, u) x 7 R, where V := C°°(A ) C Ha- 
Denote the complex structure on V resp. Ha by I. Consider the real inner product b(x, y ) := 
Re(a;,y) on Ha and let ({Ha) c, (-, -)c) be the complex inner product space obtained by com¬ 
plexification of (Ha,V), where (Ha) c = Ha ®iHa- By complex-linear extension we obtain 
7 : R — > XJ((H a )c) and denote its self-adjoint generator by A c . Thus iA c |y c = Dq where 
Dc : Vc —t Vc is the complex-linear extension of D. Consider the canonical conjugation a on 
(Ha)c, cr(x + iy) = x — iy. Recall from Proposition IA.6I the dense subspace V® C Vc> which 
is a Frechet space when equipped with the G^-topology, and the action 

7 C : C x Vg ->• V^,7c (z,v) = 7C (z)(v) = ^ ^ D C V 

k> 0 

which extends the action 7 on V°. Note that (Vc)° = (V°)c by Remark I A. 51 Let uc ■ 
Fc x V<c —t C be the complex bilinear extension of uja\v 0 xV 0 - 
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Definition 3.2. (a) Define the complex Lie group 

Ga,c '■= Heisc(Vc ,loc) xi 7c C 

with Lie algebra g® c . Since is a Frechet space, Ga,c is a Frechet-Lie group. 

(b) We also consider the Frechet-Lie group 

:= Heis(H°,w) xi 7 R 

with Lie algebra g)p. Obviously g® c is the complexification of g®. Furthermore G® C 
Ga is a dense subgroup of Ga but the topology on G® is finer than that on Ga- 

(c) Define Sa ■= {(z,x, s) £ Ga,c '■ Ims > 0}, which is an open complex subsemigroup in 
G a ,c- We set W° := R x F°x]0,oo[. 

The complex Lie group Ga,c has an exponential map which is given by 


exp c (z,x,s) = J j ujc(jc{stt , )x,'Yc{st)x)tdt , dt , J 7 c (st)xdt , s'j (3.10) 

with z,s £ C and x £ V® (Proposition [2T|) . Certainly exp c \ g o is the exponential map of G®. 
Let us give another expression for exp c . We define by functional calculus of the self-adjoint 
operator A c on (Ha) c the operators 

„iA c z _ 1 

Bz := — A -- 

iA c z 

for z £ C x and set Bq := Id £ End((iLyi)c)- Note that V® lies in the domain of B z because 
the vectors in V® are holomorphic for the unitary one-parameter group generated by A c . 
Obviously B z \ v o = (Dcz) _ 1 ( 70 ( 2 ) — 1), in particular V® is invariant under B z . 

Proposition 3.3. For all (z, x, s ) £ gA,c with s ^ 0 we have: 


expc {z,x,s) 


z + Ys ( x ’ a ( BsX ~ x ))c 


B s x 



(3.11) 


Proof. Obviously B s x = ^/c(st)xdt for s / 0. Note that uc(x,y) = — (Dcx,ay)c and 
(' yc(z)x,aic(z)x)c = (l/c(z)x, 7c(T)itx)c = (7<c(-z)7C (z)x,ax) c = (x,crx)c 
for x, y £ V®, z £ C. Hence 


s ■ 


ff 


u>c {'Yc(stt , )x,'yc(st)x) tdt'dt = — (7c (st)x - x , (T'Yc(st)x)c dt 

Jo 

= / (x,a'yc(st.)x)c dt - (x,ax)c = {x,a(B s x - x))c 

Jo 


for all x £ V®, s £ C x . In view of (13.1011 we now obtain the statement. 


□ 
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Note also that D(V°) C V° is dense. This follows from Proposition lA.lll since D(V b ) C V 
is norm dense, which again follows from the norm density of both D(V) and V b in V. 

Proposition 3.4. Let a : V® —> V® denote the canonical complex conjugation on V®. The 
map 

* ■ G A) c ->• G a ,c, (z,v,s) (z,cr(V),s ) -1 

is an involutive antiholomorphic antiautomorphism. We have 

(sexpcOn))* = exp c (iw)g~ 1 

for all g £ G®,w £ 0 ®. 

Proof. Let r : Ga, C —> G A< c,(z,v,s) eA (z,a(v),s). Obviously r is involutive and anti¬ 
holomorphic. Since cue is the complex bilinear extension of uu A \ v o xV o, we have uic(v,w) = 
cuc{cr(v), a(w)) for all v,w £ V®. Moreover u( 7 c(^)u) = 7 c (z)(j{v) for z € C,u £ V®. Thus 
we conclude with the explicit formula for the multiplication in Ga ,c that r is a Lie group 
homomorphism. Since the inversion h 1 —> h in the complex Lie group G A ,c is a holomorphic 
antiautomorphism, * is an antiholomorphic antiautomorphism. Obviously t\ g o = Id G o. Note 
that L(r)(it, ix , is) = (—it, —ix , —is) for ( t , x, s) £ 0 ® and therefore r(exp c (m/)) = exp c (— iw) 
for w £ Qa- We obtain 

(geWc( iw )Y = T (exp c (iu;)) _i T(c/) _1 = exp c (iw)g~ l . □ 

3.2 Polar Decomposition for G A ,c and S A 

In this subsection we obtain a polar decomposition of Ga,c and S A - More specifically we want 
to show that the map 


■0 : G a x qa -a Ga,c, (g,w) ^ gexp c (iw) 

is a diffeomorphism. Note that we cannot use the Inverse Function Theorem here, since 
the involved Lie groups are Frechet-Lie groups and in general not Banach. Moreover we 
want to consider smoothness resp. analyticity properties of and if^ l \s A w.r.t. certain 
topologies. To do so we shall explicitly determine . Note that, for s = gexp c (iw), we 
have s*s = exp^(2 iw). Thus the main part to determine i/G 1 is to determine the inverse of 
g® B w i-a exp c (iu;). In view of (13.111) . we should therefore express x £ V° in terms of 
Bi s ix £ ,s £ K- To obtain a suitable form of ^> _1 , which allows us to show smoothness 
properties w.r.t. certain topologies, we shall consider the real and imaginary part of B- ls ix 
separately. As we shall see in a moment (see equation (|3.12I) L this will lead us to the following 
functions: 


Remark 3.5. For z £ C\ 7 rzZ define 


m 



and g(z) 


e z + e - z _ 2 

i(e z - e~ z ) 
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The singularities of / and g at z = 0 are removable by defining /(0) = 1 and g(0) = 0. Thus 
the maps f,g : {0} U C\7riZ —>• C are holomorphic. Let 

C r := {z £ C : Rez ^ 0} = C\iR. 

We define 


/ : (C r U {0}) xIaC, (s, x ) i-A f(xs) and g : (C r U {0}) xl->C, (s, x ) i-A g(xs). 


Then f(-,x) and g(-,x) are holomorphic on C r for each i£l. Note that for every s £ C r we 
have linx^-i-oo f(s, x) = 0 and linx^-i-oo g(s, x) £ {— i,i}. In particular f(s , •) and g(s,-) are 
bounded smooth functions for each s £ C r . Moreover the maps /|k x r and ( 7 |r x r are smooth. 
We set f s (x) := f(s,x) and g s (x) := f(s,x ) for ( s,x ) £ (C r U {0}) x R. 

Definition 3.6. By functional calculus of A we define the operators f s (A),g s (A), i.e. 

o„A p sA , p-sA _ 9 

fM) = e sA _ g—sA e B(H A ), gs(A ) = /(e + _ e _ aA) £ B(H A ) 

for s £ C r and fo(A) = Id, go{A) = 0. Note that f s (A), g s (A) £ B(F[ A )' r , where B(H A ) 7 
denotes the space of bounded operators on H A which commute with y(t) for every t £ R. 
Hence the operators f s (A ) and g s {A) leave the subspace V° invariant by Lemma lA.9l ah In 
particular we may also consider them as operators on V°. 

Recall the operators B z = 6 on (H A ) c for z £ C x and Bq := Id £ End((IL,i)c)- 

Lemma 3.7. For all s £ R x ,x £ V° we have 


B is ix = g s {A)f s (A) 1 x + if s (A ) L x. 


\-i„ 


(3.12) 


Proof. We calculate: 
B is x = ( iD c s)~ 1 


—x 


OO . 

+ Eri<“)' = - Di 


/c =0 

OO 


= (iOo)- 1 (-* + E^(» ; ) 2 ‘ d2 ^ + ^'E 

\ k^ = 0 /c=0 y 

= (2LDcs ) -1 (— 2x + e sA x + e _sA x — H~ 1 (e sA x — e~ sA x )) 

= + / s (A) _1 x. 


Now the assertion follows by multiplying the last equation with i. 


□ 


The purpose of the next four lemmas is to obtain smoothness and analyticity properties 
of f s (A) and g s (A) w.r.t. certain topologies. 

Lemma 3.8. For all x £ R we have 

/(*) = [ f(t)e vxt dt, where f{t ) := ^ 

Jr (e 2 4 - e 2 ) z 
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Proof. This can be shown with the Residue Theorem and for a proof we refer to [HaOOi. Sect. 

A.15 Eq. (A.15.6)]. □ 

Definition 3.9. Let U\ C X\ and U 2 C X 2 be open subsets of the topological spaces X\ resp. 
X 2 and / : U\ x U 2 —>• C, (#1,2:2) ^ /(# 1,2:2) be a map. We say that f(x 1, •) is a bounded 
function locally uniformly in xq, if for every p £ X\ there is a neighborhood N of p in X\ such 
that snp x eNx eU f(xi,x 2 ) < 00 . In this case we also say that /(2:1,2:2) is a bounded function 
in x 2 locally uniformly in x\. 

Lemma 3.10. The maps 

b± : C r —> B(Ha) 1 , s i-a f s (A) and b 2 : C r —» B(Ha) 1 , s eq g s (A) 
are holomorphic. 

Proof. For s £ C r we calculate 

df . . 2x 2sx 2 (e xs + e~ xs ) 

— (S,X) = - 7 -— 

ds e xs - e~ xs (e xs - e ~ xs ) 2 

if x 7 ^ 0 and (s, 0) = 0. From this we see that ||(s, •) is a bounded function locally uniformly 
in s € C r . Note that 

( xs _xs \ ^ 

e 2 - e 2 J e xs -1 

i(e~ +e~~)(e~ - e~~) *(e xs + 1 ) 

and therefore 

dg (e xs + l)e xs x — (e xs — l)e xs x 2x 

~ds^ S,X) ~ i(e xs + l ) 2 _ i(e~ xs + e xs + 2 ) 

for all s S C r ,x £ R. Hence §f(s, •) is a bounded function locally uniformly in s € C r . With 
Lemma lA. 101 we conclude that the maps 61 and b 2 are holomorphic. □ 

Lemma 3.11. (a) The maps 

C r x V° —»■ V°, (s, v ) i-a f s {A)v and C r x V° V° , (s, u) i-a g s {A)v 

are both holomorphic. Moreover, for every k € No, these maps are still holomorphic 
when V° is equipped with the topology given by the norm x 1 —> ||A fc x||. Furthermore 
these maps are holomorphic when V° is equipped with the C°°-topology. 

(b) The map 

h : lxC r x V° —> V°, (■ t, s, v ) i-A 7 (t)f s (A)v 

is analytic when V° is equipped with the C°°-topology as well as when V° is equipped 
with the || ■ || -topology. 
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Proof, (a) is an immediate consequence of Lemma 13. 101 and Lemma lA.9l bb 

(b) Let (to, so) G K x C r . Then we find small neighborhoods U of to in C and U' of so in C r 

such that the operators 


h z ,s{A) 


2 sAe zIA 

gsA _ g—sA 


defined by functional calculus are uniformly bounded for z £ U,s £ U'. Then the map 


T:UxU' B(H A y, (z, s ) ^ h z , a {A) 
is locally bounded. Let v £ V°. By part (a) the map 

U' —> H a , s e-x T(z, s)v = f s {A)e zIA v 

is holomorphic for every z £ U since e zIA v £ V°. By Proposition lA.Gf c) the map 
U —X H a , z h y T{z, s)v = e zIA f s {A)v is holomorphic for every s G TJ'. With Hartog’s Theorem 
we conclude that (z, s ) i-A T(z, s)v is holomorphic for every v G V °. Since V° C H A is dense 
and T is locally bounded this yields that T is holomorphic, cf. |Ne08! , Lem. 3.4], Now we ob¬ 
tain the assertion from Lemma lA. 9( b). since the map U xU f x V° —X V°, (z, s, v ) i— > T(z, s)v 
is a local extension of h. □ 

Lemma 3.12. The map a : M x V° —» V°, (s,v) i->- f s {A)v is smooth. 

Proof. Recall f s (x) = f(sx ) for s,x G M. Further recall /(t) = — Kt n _ ILt — and f s (x) = 

(e~T+e T ) 2 

f R f{t)e lsxt dt from Lemma [3781 Thus 


fs(A)v = [ f(t)j(st)vdt 
Jr 


for s G M, v G V° as a weak integral in the Hilbert space V A - By Remark lATl b). this equation 
also holds as a weak integral in V° w.r.t. the C^-topology. Let A G {V°)' be a continuous 
linear form on V°. Then 

X(f s (A)v) = [ u(t, s)dt, u(t, s) := f~(t)X(^(st)v). (3.13) 

Jr 


Since / and 7 : M x V° —> V° are smooth fProposition lA.fil c)). the map u : M x M —> V° 
is smooth. Since A G ( V and the topology on is generated by 7 -invariant seminorms, 
there is a 7 -invariant seminorm q on V° such that |A(u)| < q(v),v G V 0 . Then we have 

7 / yv 

s ) = ftf) tk ' A(7 (st)D k v) and \X('y(st)D k v)\ < q{D k v). 


Since R 3 t 1 —> f(t)t k is an integrable function for every k G No we obtain by differentiation 
under the integral sign that the map A (f s (A)v) is smooth with derivatives 


d k X(f s (A)v) 

ds k 


C t,s ) = 


/ 

Jr 


d k u, 

ds k 


( 1 t,s)dt = X\ / f(t)t k -/(st)D k vdt 
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Here we note that the integral J R f(t)t kr y(st)D k vdt exists as a weak integral in V° by Remark 
IA.7f b). By Grothendieck’s Theorem ( [G104I Thm. D.l]) we conclude that ct(s, v) = 

f s (A)v is smooth with derivatives 

^r(s,u) = J^f{t)t k 'y(st)D k vdt. 

For a 7 -invariant seminorm q on V° we thus have 

q(j£(s, v ) - |^(Sn.Wn)) < ?(|?r(s>*0 - ^(Sn,u)) + Ir f(t)t k dt ■ q(D k (v - v n )). 


This shows that is continuous for all k G No, since we have already shown that 
a(s,v) is smooth for all v G V°. As a(s,v) is linear in v for fixed s, we conclude that a is 
smooth. □ 


Now we want to express exp c (0, ix, is) in terms of f s (A) and g s (A). Therefore we consider 
the following map. 

Definition 3.13. We define the map 9 : V° x M —> Heis(V|jp, luq) C Ga ,c by 


9(v,s) := 


7 f-\\fs(A)v\\ 2 - ^-Re(fs(A)v,v) , -g s (A)v-iv, 0 


for s / 0 and 0(v, 0 ) := ( 0 , —iv, 0 ). 

Lemma 3.14. (a) exp c (0, ix, is) exp c (0,0, — is) = 9(f s (A)~ 1 x, s ) _1 holds for all x G V° 

and sGM. 

(b) The map 0|yo X Rx is analytic. Moreover #|yo X Rx is analytic when V° and V® are 
equipped with the C°°-topology. Furthermore 0|yo X Rx is analytic when V° and V® are 
equipped with the topology induced by the norm x i-a ||x|| + ||Hx||,x G V°. 

Proof. Recall D = IA on V°. Note that 


p sA 1 p-sA _ o 
= + 2sJA • 

Let x G V°,s G M x . Recall f)3.12|1 : 

B is ix = g s (A)f s (A)~ l x + if s {A)~ l x. 

Thus we obtain: 

— (ix,a(B is ix - ix))c = -(x,g s (A)f s (A)~ 1 x - if s (A)~ 1 x)c + — |M | 2 
is s is 


= - (R e(xJ s {A) 1 x) - ||x|| 2 ) . 


(3.14) 
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Here the last equation follows from the fact that g s (A)f s (A)~ 1 is skew-symmetric on V , 
which is easily seen from the definition of f s (A ) and g s (A) for s£l, cf. Definition 13.61 By 
(13.111) we have: 


exp c ( 0 , ix, is) exp c ( 0 , 0 , —is) 


{ix,a(B is i x - ix)) c , B is ix ,0^ . 


This equation together with (13.141) and (|3.12l) yields (a) for s / 0. Obviously (a) also holds 
for s = 0. Note that (b) is a consequence of Lemma 13. 11 ( a). □ 

We also record the following lemma which we will need later. 

Lemma 3.15. Let x = (xq,0,x 2 ) £t = Ix {0} x I,i2 / 0. Then for every y E there 
exists a E [x,Q^f\, such that the logarithmic derivative o/exp c satisfies 

<5(exp c ) ix (i(y + a)) E iy + 9 a- ( 3 - 15 ) 


Proof. Note [x,g®] = {0} x V° x {0} since D(V°) C V° is dense. Let a = (0, oi,0) 6 [x,g®\ 
and y = (yo,yi,y 2 ) £ 9a- Then by }Ne06i Prop. II.5.7] and ()3. 121) 

5(exp c ) ix (i(y + a)) = J Ad (~tix)i(y + a) dt = ^ iy 0 , J 'yc{~tix 2 )i(yi + ai) dt , iy^j 
= (' Wo, B- iX2 i{yi + ai),iy 2 ) 

= ( Wo, 9-x 2 ( A )f-x 2 (^) _1 (2/i + «i) + if-x 2 {A)~ l (y 1 + ai), iy 2 ) 

Thus in order to satisfy (13.151) we may choose a\ := f- X2 (A)y\ — y\ . Actually one may show 
that then even (0,ai,0) E [x,Q^\. □ 

For v = x + iy E Vc with x, y E V we set Re(u) := x and Irn(w) := y. 

Proposition 3.16 (Polar decomposition for Ga,c )• (a) The map 

if : g °a x 9a g a, c, (g,w) i-x gexp c (iw) 

is a diffeomorphism and if is analytic. 

(b) The map : Ga,c —■> G® x g®, <p(z, y , r) = (g, (t , x, s)) defined by 

s = Im(r), x = y(—Re(r))/ s (A)(Im(y)) 

and 

g ■ (it, 0,0) = (z, y, 0) • 0(lm(y), Im(r)) • (0,0, Re(r)) (3.16) 


is the inverse of if. 
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Proof. First note that with the explicit formula for the multiplication in Ga c and the defini¬ 
tion of 6 one sees that the right hand side of (13.161) lies indeed in C x V° x R. Hence (|3.16l) 
defines g and t in terms of (z, y, r). Now let g £ G®, (t, x, s ) £ 0(4 an d set 

(z, y, r ) ■= tpia, (t, X, s)) = g exp c (R, ix, is). 

With (13.111) and (13.121) (and an extra consideration if s = 0) we obtain 

(z, y, r) = g ■ (u, g s {A)f s {A)~ 1 x+ if s {A)~ 1 x, is) 

for some u € C which we do not specify. This equation together with the explicit formula for 
the multiplication in Ga ,c implies 

Im(r) = s and Im(y) = y(R e{r))f s (A)~ 1 x. 

With these equations and Lemma l3.14l fal we further obtain 

g ■ {it, 0 , 0 ) = (z, y, r) • exp c ( 0 , ix, is)~ l 

= (z, y, is) ■ exp c (Ad(0, 0, Re(r))(0, ix, is )) -1 • (0,0, Re(r)) 

= (z, y, 0) • (0,0, is) • exp c (0, i 7 (Re(r))x, is ) -1 • (0,0, Re(r)) 

= {z, y, 0) • 9(f s (A)- 1 'y(Re(r))x, s) ■ (0,0, Re(r)) 

= (z, y, 0) • 0(lm(y), Im(r)) • (0,0, Re(r)). 

This shows that tp o if = Id. From Lemma I3.14l fal and the definition of p one easily derives 
ip o ip = Id, so that ip is bijective with inverse tp. Certainly the map ip is analytic. To show 
that p = ip~ l is smooth we argue as follows: Let 

ip{g, {t, x, s)) = g exp c (it, ix, is) = q £ 

We must show that g, t, x, s depend smoothly on q. Since the action 7 : I x V° —>• V° is 
smooth we obtain from the definition of p = ip^ 1 and Lemma 13.121 that both s and x depend 
smoothly on q. Since g exp c (if, 0,0) = q exp c (0, —ix, —is) we conclude that g,t,x,s depend 
smoothly on q, i.e. that ip~ l is smooth. □ 

Proposition 3.17. If A is not bounded then the map i /’ -1 : Ga ,c —t Ga from Proposition 

\3.16\ is not analytic. 

Proof. For r > 0 we set B r := {z £ C : \z\ < r}. Suppose that i /> -1 is analytic. By Proposition 
I3.16lf bl the map 

a : R x V° ->• V°, (s, v) ^ f s {A)v 

is then also analytic. Hence there exists R > 0, U C V° an open 0-neighborhood, Ci > 0 and 
a holomorphic map a : Br x Uc V° such that 

a \(B R riR)xU = a \{B R riR)xU 

and ||5(a)|| < C\ holds for all a € Br x Uc- Here Uc = U + iU. Since A is not bounded and 
A > 0 we find x$ > ^ such that xq £ spec(H), i.e. Pa{[xq — £,xq + e])V / {0} for all e > 0. 
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Recall that the C°-topology on V° is generated by the norms q n (v) = ^ fc>0 Tr||4l fe u||,n N. 
Since q n (v) < q n '(v) for n < n !, we find JVgN and N' > 0 such that 

{v E V° : q N (v ) < N'} C U. 

For v E Pa ([to — l,xo + 1])F we have qN(v) < e JV (*°+ 1 )|| l ;||. Thus there is C 2 > 0 such that 
(P A ([xo - 1, so + 1])F) ||u|| < C 2 } C u. 

Recall the holomorphic map 

/ : {0} U C\ttzZ ->• C, f(z) = 2Z 

e z — e z 

Now choose 0 < e < min ( l , To ), to E]0, R[ and 0 < 5 < to such that 

tx < 7 r for all t E [0,to], x E [xq — e, xq + e], 

2 Ci 


l/(*tx)| > 


C 2 


for all t E [to — <5, to], x e]xq — £,xq + e[. 


(3.17) 

(3.18) 


r > fi and imu-^ \f(iz)\ = 00 . Now choose 


This is possible since .To > 4 > i and lim 

v 0 G Pa{[xo ~ £,x 0 + e])V with 
In particular vq G U. Consider the holomorphic map 


= C 2 . 


h:B t 0 ^V°,h(s) = 


rxo+e 


f(sx) dP A (x)v 0 , 


'XQ—e 


which is well-defined by (13.171) . Certainly h(s ) = f s (A)v 0 for all s G B to Hi and thus the 
Identity Theorem yields h(s) = 5(s,uq) for all s G B to . Hence we obtain with (13.181) : 


K*(to - 5), ^o)II 2 = 


rx 0 +£ 

/ 

J XQ—e 


|/(*(to - 6 )x)\ 2 d(P A (x)v,v) > 


4 C\ 


cV 2 


Co 2 = 4Cf. 


□ 


This is a contradiction to ||a(z(to — S), uo)|| < Cu 

Recall the open invariant cone W~, = M x l/®x]0, oo[c 0 ® and the complex subsemigroup 
S A of Ga,c from Definition I3.2l cl . 

Proposition 3.18 (Polar decomposition for Sa )• (a) The map 

-GaX -)• Sa, ( 9 , w) I-A gexp c (iw) 
is a diffeomorphism and both ij) and z/C 1 are analytic. 

(b) The map (p : S A G ® x IF®, p(z, y , r) = (g, (t, x, s)) defined by 

s = Im(r), t = t(—R e(r))/ s (vl)(Im(j/)) 

and 

g ■ (it, 0, 0) = (z, y, 0) • 6»(Im(y), Im(r)) • (0,0, Re(r)) 
is the inverse ofijj. 


(3.19) 
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(c) The map if^ 1 = p is also analytic when both S A and G® x W® are equipped with the 
topology induced by the C°°-topology on V°. Moreover if -1 is analytic when G® x W® 
is equipped with the topology induced by the norm-topology on V° and Sa is equipped 
with the topology induced by the norm x i-A ||a;|| + ||Ac|| on V°. 

Proof. Note that if and ip are the restrictions of the corresponding maps in Proposition 13.161 
We denote these corresponding maps by ifp and pp in this proof, i.e. if is the restriction of 
ipF and p the restriction of ipp- Note that p is defined since pf(Sa) C G® x Wff. From 
Proposition 13. 16l we obtain that if is a diffeomorphism and that (b) holds. Certainly the map 
if is analytic. The definition of p = if ~ 1 , Lemma 13. 11 l a! and Lemma l3.14f bl imply that if -1 
is also analytic. Moreover from Lemma 13.1 li b) and Lemma 13. 141 b) we obtain that if = p 
is also analytic when both Sa and G® x W® are equipped with the topology induced by the 
C°°-topology on V°. Now let V\ := V be V equipped with the topology given by the norm 
x ||x|| + 11 Ax 11 and V 2 := V be V equipped with the || ■ ||-topology. Then the map 

Heis(Vi) x Heis(Ci) -> Heis(P 2 ), 

((t, x), (t ', x')) i-A (t, x) ■ ( tx') = (t + t' + ^Im(Ac, x'),x + x') 

is analytic. This observation, Lemma l3.111 b) and Lemma 13. 141 bl imply that if _1 = p is also 
analytic when G® x W® is equipped with the topology induced by the norm-topology on V° 
and Sa is equipped with the topology induced by the norm x i-a ||x|| + ||Ac||. □ 

Proposition 3.19. The map 

* : S A ^ S A ,gexp c (ix) g~ l exp c (! Ad(g)x) 

defines an involution and turns Sa into an involutive complex semigroup. 

Proof. The map * is well-defined and analytic by Proposition l3.181 Since g -1 exp c (i Ad(g)x) = 
exp c {ix)g~ l the map * is the restriction of the map * : Ga,c —> Ga ,c from Proposition 13.41 
Now the assertion follows from Proposition 13.41 □ 

3.3 The complex semigroups Sd 

Recall the open invariant cones W d in = f)cis(V,c va) *!l> M, where V := C°°(A) and 
Cd = Wrf fl t in t = M x {0} x R for d € M from Section 12.21 We set W® = Wd H g^ f° r all 
d £ M. From Proposition 13.181 we know that 

S d :=G%exp c (iW?) 

is open in S A = Sqq and the map G® x Wf —> Sd,(g,w) i-a gexp c (iw) is an analytic 
diffeomorphism. We now want to see that S d is a subsemigroup of Ga,c for every d £ R. 
To do so we adapt the proof of (NeOOl Theorem XI. 1.10] to our infinite-dimensional oscillator 
group. 

For dsl choose a smooth function h d : C d —> K such that: 

(a) hd(x n ) —> 00 whenever x n —> x G dC d C t. 
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(b) h d (x + y) < h d (x) for x, y £ C d . 

See also |Ne00l Thm. VIII.3.16] for the existence of such a function. Note that ( t,x,s ) £ W d 
implies (t — 7 ^||®|| 2 ,0, s) £ C d which may be seen from the explicit definition of W d . Now we 
define the smooth functions 

h d : W d —>• R, h d (t,x,s ) :=h d (t- ^||x|| 2 ,0, s') . 


Lemma 3.20. For every d £ M, the smooth map h d has the following properties: 

(a) h d is Ad-invariant. 

(b) h d (w n ) —>• oo whenever w n w £ dW d C 0 a- 

(c) h d (w + w') < h d {w ) for w, w' £ W d . 

Proof, (a) Since 

Ad(t', x\ s')(t, 0, s) = [t + \s\\Dx’\\ 2 ,—sDx', s^J (3.20) 

by (12.31) . the definition of h d shows that h d is constant on Ad (Ga)cl for every a £ C d . From 
the definition of W d we see that UagC d Ad(GvL)a = W d . Now (a) follows. 

(b) We write w = (t',x, s ) and by Definition 12.51 we may write 

w n = (t n + 2 ^||x n || 2 ,x n ,s n ^j with t n + ds n > 0 , s n > 0 . 

Suppose first that s > 0. Since w n —>• w, the sequence (t n ) n converges in this case, say t n —> t 
so that if = t + t^||x|| 2 . Since w W d we must have t + ds = 0 which implies (t, 0, s) € dC d - 
Hence h d (w n ) = h d (t n , 0, s n ) —> oo by the choice of h d . Now suppose s = 0. Since t n + ds n > 0 
and s n —^ 0 the sequence (t n ) n is bounded below. Moreover t n < t n + 2 j-||x n || 2 —)• t! implies 
that t n is also bounded above. Thus we find a subsequence (t nk )k such that t nk —> t and 

h d (w nk ) ->■ liminf (h d (w n )) as k -* oo. (3.21) 

n 


Since h d (w nk ) = h d (t nk ,0,s nk ) and (t nk 0,s nk ) ->■ (t,0,0) € dC d , we conclude that the se¬ 
quence ( h d (w nk ))k converges to oo. Hence h d (w n ) —>• oo by (13.211) . 

(c) Write w = (t + ^-||x|| 2 , x, s) and w' = (t' + ^ 7 ||a; / || 2 , x', s'). Then 


h d [w + w') — h d (t + t' + 5, 0, s + — h d ((t , 0, s) + (t T- <5,0, s')J (3.22) 

where 6 := ^||ic|| 2 + 9^7||* , || 2 — 2 ( s +a') H x + x '\\ 2 ■ By convexity of the map x i-a ||x|| 2 , we have 


S 

s+s r 


Hl 2 + 


s 

s+s' 


l^f > 


x+x' 

s+s' 


2 


\\x+x'\\ 2 

(s+s') 2 


Hence 5 > 0. Note that (t, 0, s), (t', 0, s') € C d . Since M>o x {0} x {0} C lim(Cd), we thus obtain 
(t' + 5, 0, s') £ C d . Hence equation (13.22j) and the choice of h d imply h d (w + w') < h d (w). □ 
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Lemma 3.21. Let f : W® —» M be an Ad-invariant smooth function and set F : S d —»• 
M, F(g exp c (ix)) = f(x). Then 

dF(s)(s.(iy )) = df(x)y 
holds for s = gexp c (ix) £ S d ,y £ g®. 

Proof. Let G := G®, g := g^. Note that S d is invariant under both left and right multiplication 
by G, since W® is Ad-invariant. Note also that F is G-biinvariant since / is Ad c~ invariant. 
The left G-invariance F o X g = F yields for s = gexp c (ix) 

dF(s)(s.(iy )) = dF(gexp c (ix))(g.(exp c (ix).(iy))) = dF(exp c (ix))(exp c (ix).(iy)). 

Thus it suffices to show that 

dF (exp c (ix)) (exp c (ix) .(iy)) = df(x)y (3.23) 

holds for all x £ W®,y £ g. The Ad-invariance of / and the right G-invariance of F show 

df(x)([g,x}) = {0} and dF(s)(s.g) = { 0}. (3.24) 

Since 

df(x)y = dF (exp c (ix)) (exp c (ix). J (exp c ) i X {iy)) 

we obtain from Lemma 13.151 and (13.24H that (13.231) holds for all x £ Cd,y £ g. Next we note 
that both the left and the right hand side of (13.231) do not change, if both x and y are replaced 
by Ad(g)x resp. Ad (g)y for some g £ G. This follows from the invariance properties of / 
and F. Thus (13.231) holds for all x £ Ad (G)C d ,y £ g. By continuity (13.231) therefore holds 
for all x £ Ad(G)G^ D W® and y £ g. Here the closure is taken w.r.t. the G^-topology. 
Since D(V°) C V° is dense, the definition of Wd and (I3.2UD show that Ad(G)G^ is dense in 
W® w.r.t. the G^-topology. Hence (|3.23l) holds for all x £ W®,y £ g. This completes the 
proof. □ 

Proposition 3.22. For every d £ K, the pair (G®,W®) is complexifiable (see Definition ^ - 1\ 
below) with corresponding complex involutive semigroup Sd- 

Proof. From Proposition 13.181 we know that Sd = G^ exp c(iW®) is open in Ga,c and that the 
map G^ x W® —>• Sd, (g,x) i-a gexp c (ix) is an analytic diffeomorphism. Note also that Sd is 
invariant under the involution * on Sa from Proposition 13.191 Thus we only have to show that 
Sd is a subsemigroup of Ga,c- Let x, y £ W®. We consider the curve c(t) := exp c (ix) exp c (tiy) 
for t £ M>o- Note that this curve does not leave the semigroup Sa = S Q0 so that we may write 
c(t) = gtexp(ixt) for all t according to the polar decomposition from Proposition 13.181 Recall 
the function hd from Lemma f3.201 We set Hd(g exp c (zu>)) := hd(w) for gexp c (zu;) £ Sd- By 
Lemma 13.211 we have 

(H d o c)'(f) = dH d (c(t))(c(t).iy) = dh d (x t )(y) < 0 

as long as c(t ) £ Sd, where the last inequality follows from Lemma [3.20l c). Hence the function 
H d oc is decreasing. Thus Lemma l3.20l bl implies that the curve does not leave S d - In particular 
c(l) £ S d - This proves exp c (hr) exp c (iy) £ S d for all x,y £ W®. Since 

gexp c (ix)g' exp c (ix') = gg exp c (i kd(g'~ x )x) exp c (*x'), 

we conclude that S d is a subsemigroup. □ 
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4 Extensions of representations of general Lie groups 


In this section we discuss holomorphic extensions of semibounded representations for general 
Lie groups. Let G be a simply-connected locally convex analytic Lie group with exponential 
map exp : g — > G and assume that g is Mackey complete. Let W C 0 be an Ad-invariant open 
cone in g. 

Definition 4.1. The pair (G, IT) is called complexifiable if there exists a complex Lie group 
Gc with Lie algebra 0 c, an exponential map exp c : gc -4 Gc and a Lie group embedding 
G C Gc which induces the inclusion g ^ gc of Lie algebras, such that Sw Gexp c (iIT) is 
an open subsemigroup of Gc, 


:G x IT -A S w , (g, w) i-A g exp c (iw) 
is an analytic diffeomorphism, i.e. ip and ip _1 are both analytic, and 

* : S w ->• S w ,g expc(ru’) expc(ra)t / _1 = g~ l exp c (i Ad(g)w) 

turns Sw into an involutive complex semigroup. 

Remark 4.2. In the situation of the preceding definition suppose that there is a group 
automorphism r : Gc — > Gc which is antiholomorphic, involutive and satisfies L(r)(x + iy) = 
x — iy for x, y £ g. Then g* := r(g) -1 defines an antiholomorphic involutive antiautomorphism 
of Gc which satisfies (g exp c (zu;)) = exp c (iw)g~ 1 . Hence the existence of * : Sw —>• Sw in 
Definition 14.11 follows from the existence of r. In particular, if Gc is regular and simply- 
connected, then r exists by [Ne06l Thm. III.1.5]. 

Theorem 4.3. Let (G, IT) be complexifiable and tt : G —> U('H) be a semibounded represen¬ 
tation with W C B(I n )°. Then the map 

tt : S w -4- B{TL),g exp c (ia;) n(g)e lA ^ x) 


is a holomorphic representation of the involutive complex semigroup Sw ■ 

Theorem 14.31 was proved in [MNlll Thm. 5.7] when G is assumed to be a Banach-Lie 
group. Actually, most of the arguments in the proof of [MNlll Thm. 5.7] carry over to our 
more general context. Let us give an outline of the proof of Theorem 14.31 At first we show 
that [MNlll Lemma 5.2] also holds if G is not assumed to be Banach. 

Definition 4.4. (a) Let g be a locally convex Lie algebra, E be a Banach space and T> C E 

a dense subspace. Let a : g —>• End(H) be a representation of g. Then a is said to be 
strongly continuous, if for every v € T> the map a v : g —>- T5, cc i—>• a(x)v is continuous. 


(b) A locally convex Lie algebra is called ad -integrable if for every x £ g there is a one- 
parameter group 4> x ’ : M —> GL(g) such that the corresponding action M x g —> g is 

<fr x (t)y = ad x(y) holds for all x,y € g. We then use the notation 


smooth and ^ 
ad a? ._ 


t =0 


:= 4> x (f), see also [MNlll Def. B.2], 


25 














Complex Semigroups for Oscillator Groups 


Lemma 4.5. Let G be a locally convex Lie group with an exponential map such that g is 
Mackey complete and gc is ad-integrable. Let it : G —> \J(PL) be a semibounded representation 
with W C 5(/ 7r )°. For every v £ Li 00 the map p v : W —>• PL,x ga e * d7r ( x )tj i s C 1 with 

dp v (x)(y) = e idn ^d7T (J\~ saxiix iyds\ v. 

Furthermore the map G x W —> PL, (g, x) i —> it( g)e ld77 ^v is also C 1 . 

Proof. Consider the subspace 

V™ : = 0 V(&K(y n ) ■ ■ • dvr(yi)) 

2/lv,2/nG0,neN 

of PL (cf. also INelHal Def. 3.1(d)]). Note that FL°° C U£°. In particular is dense in PL. 
Obviously V™ is invariant under d7r(x) for all x £ g. Let v £ From 7r(exp(tx))7r(<5r)'u = 
ir(g)Tr(ex.p(t Ad(g)~ 1 x))v we obtain 

ir{g)v € 'D(dn(x)) and d7r(x)7T (g)v = 7r(g)d7r(Ad(<7) _1 x)u. 

Hence d7r(x)7r(^)(P^°) C n(g)(V^ D ). By induction we conclude that V £° is invariant under 
n(G). 

For v £ XT’ 13 and n £ No we define 

: g" -A Pi,Un(xi, ■ ■ ■ ,x n ) = d7r(xi) • ■ ■ dTr(x n )v. 

We call v £ T >“ a good vector if coif is n-linear and continuous for all n £ N and 

d7r(x)d7r(y)w”(xi, ...,x n )- d^(y)dvr(x)u;)](xi, ...,x n ) = d7r([x, y])u”{xi, ...,x n ) 

holds for all x, y, xi,..., x n £ g, n £ No- Let V denote the space of good vectors in IN’ 0 . Note 
that PL°° C T>. Note also that V is invariant under d7r(x) for all x £ g. We thus obtain a 
strongly continuous representation 

a : g —> End(X>),x i-A d7r(x)|x>. 

Complex-linear extension yields a strongly continuous representation a : gc —> End('D). Now 
one shows as in the proof of [MNlll Lemma 5.2] that 

e id-K{x) v c poo and d^(y)e id7r(3:) u = e id7r(a:) d?(e- ad “y)u 

for all v £ T>, x £ W, y £ gc- This further implies that e* d7r ( x )p c T>. We may thus apply 
[MN11 i Prop. B.5] to a which shows that 

p : W x Pi -> Pi, (x, v) t-4- e idn{ - x) v 

is continuous and that for every v £ T>, p v is C 1 with differential as given. For v £ PL°°, 
consider the map 

/ : G x W ^PL,{g,x) i-> e id ^ x) ir(g)v. 
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We want to show that / is C 1 . Since v € TL°° and p K ^ v is C 1 for each g € G it follows that 
the partial derivatives of / exist both in G and W and are given by: 

d G f(g,x)(h) = e ld ^d(n v )(g)(h) 

dwf(9,x)(y ) = e ldn{ - x) dn (^j e~ sadlx iyds^j n(g)v 

= e td < x h(g)d7r ^Ad {g- 1 ) e- sadix iyds) v. 

Since p and the action of it on H are both continuous, we see that these partial derivatives 
are continuous. Hence / is C 1 . Since 

ir(g)e ld ^ x) v = f(g,Ad(g)x), 

the map G x W -A TL, (g,x) i-A tt (g)e ld7T ^v is also C 1 . □ 

With this lemma the proof of Theorem 14.31 now works the same way as the proof of |MNlll 
Thm.5.4] and [MNll . Thm.5.7]. 

Remark 4.6. The following assertions hold in the situation of Theorem 14.31 

(a) n(g)n(s) = n(gs) for all g € G, s G Sw- 

(b) The map G —> B{T~L),g i-A Tv(g)Ti(s) is analytic for all s £ Sw by (a) and the holomorphy 
of 7f. In particular, the dense subspace span(7r (Sw)'H-) consists of analytic vectors for -k. 

(c) 7? is non-degenerate. This can be seen as follows: Choose w £ W. The self-adjoint 
operator B := id.Tr(w) is bounded above, say by C > 0. Then for v £ T~L and t £ [0,1] 
we have 

{e xt — l) 2 d{P B (x)v,v), 

where Pb denotes the spectral measure of B. Here ( e xt — l) 2 < e 2C + 1 holds for the 
integrand. Thus linu-^o vf(exp c (iu;t))u = v by the Dominated Convergence Theorem. 

Proposition 4.7. Let ( G , W) be complexifiable with corresponding complex involutive semi¬ 
group Sw and let p : Sw —> B(H) be a non-degenerate holomorphic representation. 

(a) The operator p{s) is injective and has dense range for every s £ Sw- 

(b) There exists a unique smooth unitary representation n : G —> U (H) such that n(g)p(s) = 
p(gs) holds for all g £ G,s € Sw- 

Proof, (a) This can be proven as in [NeflOi Lemma XI.3.11]: Since p(s*) = p(s)*, it suf¬ 
fices to show that p(s) is injective for every s £ Sw- Let p(s)v = 0. Then we have 
p(Sws)v = p(Sw)p(s)v = {0}. Since is open in Sw C Gc, Sw is connected and 

p is holomorphic, we conclude with the Identity Theorem for Holomorphic Functions that 
p(Sw)v = {0}. Hence v = 0 as p is non-degenerate. 


f C 

|7f(exp c (iwt))v — v\\ 2 = 

Jo 
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(b) Note that the condition n(g)p(s) = p(gs ) determines it uniquely since p is non-degenerate. 
From |Ne08l Prop. 4.3] with a(s) := ||p(s)|| we obtain the existence of tt as a unitary rep¬ 
resentation. The condition n(g)p(s) = p(gs) and the holomorphy of p show that the dense 
subset span(7r(5)'H) consists of smooth vectors for tt. □ 

Lemma 4.8. Equip the semigroup C + = M-|-iM>o with the involution ( t + is )* = — t + is. Let 
p : C + —>• B(LL) he a *-representation such that p|i n t(C+) non-degenerate and holomorphic 
and such that /j|r is strongly continuous. Let B denote the self-adjoint generator of p |r, i.e. 
p{t) = e lBt ,t € M. Then the following holds: 

(a) p is strongly continuous. 

(b) B is bounded below. 

(c) p(z) = e lBz holds for every z G C + in the sense of functional calculus of B. 

Proof, (a) Note that p(is)* = p((is)*) = p(is), i.e. p(is) is self-adjoint for s € M>o- Thus 
\\P (*' m) ll m = \\P (*' m) m II = ll/°(*)ll n f° r n i m £ N. This implies ||p(is)|| = ||/o(*)|| s for 
s G M>o since p|i n t(c+) is holomorphic. We conclude \\p(t + zs)|| = ||/o(z)|| s since p(t) is unitary 
for t £ M. In particular the map p : C + — > B(LL) is locally bounded. For y G int(C + ),u G LL 
the map 

C + -> LL, z i-A p(z)p(y)v = p(z + y)v 

is continuous, since p|i n t(c+) is holomorphic. As p|i n t(c+) is non-degenerate we obtain that 
C + p(z)v is continuous for v in a dense subspace of Li. The local boundedness of p 

now implies that p is strongly continuous. 

(b) With (a) we obtain from [NeOOl. Lemma XI.2.6] that B is bounded below. 

(c) Part (b) implies e lBz G B{LL ) for every z G C + . Now, for v G Li, the maps z i-a p(z)v and 

z i —y e iBz v are both continuous on C + , holomorphic on int(C“ l ") and they agree on M. Thus 
they must be equal. □ 

Let (G, W ) be complexifiable with corresponding complex involutive semigroup S\y- Recall 
tt from Theorem m Then we obtain the following correspondence. 

Theorem 4.9. The assignment n h > n yields a bijection 

^ ( tt \ G — y U (Li) semibounded 1 f p : Sw — > B{LL) non-degenerate \ 

\ representations with W C B(I W )° j \ holomorphic representations J 

which preserves commutants, i.e. tt(G)' = tt{Sw)' ■ 

Proof. From Theorem [473] and R.emark l4.6f c) we know that is defined. Suppose that $(7Ti) = 
<h(7T2), i.e. tt\ = 7T2- Then 7Ti(p)^i(s) = TTi(gs) = TT 2 {gs) = 712 ( 5)711 (s). Hence the unitary 
operators 711 ( 5 ) and ^2 ( 5 ) coincide on the total subset tt\{Sw)LL of LL and must therefore be 
equal. Thus tt\ = 712 , which shows that <f> is injective. Now let p: Sw —> B(LL) be a non¬ 
degenerate holomorphic representation. By Proposition 14.71 b) there exists a smooth unitary 
representation tt : G —> U (LL) with t r(g)p(s) = p{gs). For x G W we define 

: C+ -> B(B),z ^ {' , < exp c(^)) 2 « “(CU 

1 7r(exp(z.x)) for z G M. 
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Then u x is a representation since n(g)p(s) = p(gs). Since p is non-degenerate the opera¬ 
tor p(exp c (ix)) = v x {i) has dense range by Proposition I4.7f ah Therefore Ux|int(€+) is non- 
degenerate. Now we see that v x satisfies the conditions in Lemma 14.81 Hence — jd7r(x) is 
bounded below and 


p(exp c (Lc)) = v x {i) = e* d7r(x) (4.25) 

holds in the sense of functional calculus of id.Tr{x). Recall the support function s n (y) = 
sup(Spec(id7r(y))) for y £ g. From (|4.25[) we obtain ||p(exp c (Lr))|| = e Sn ^ for all x £ W. 
Since p : Sw ~> B(fH) is holomorphic and thus in particular locally bounded, the map W 3 
x H» e Sn ^ is locally bounded. Hence is also locally bounded on W which implies that ir is 
semibounded with W C 5(1^)°. With (14.251) we now obtain 

K{gexp c (ix)) = 7T {g)e ld ^ x) = Tr(g)p(exp c (ix)) = p(gexp c (ix)) 

for all <7 £ G, x £ W. Hence p = tt = 4>(7r) which shows the surjectivity of <f>. That 
7r(G)' = Tf(Sw)' holds may be shown as in [NeOOl Prop. XI.3.10]. □ 

Extending representations of dense subgroups 

In this subsection we will show that every smooth representation of a dense locally exponential 
Lie subgroup of a locally exponential Lie group G is extendable to a smooth representation 
of G. This will be needed in the next section since the complex Lie group Ga ,c associated to 
the oscillator group Ga is the complexification of the dense subgroup G® C Ga- At first we 
recall a continuous version for topological groups. 

Proposition 4.10. Let G be a topological group, H C G a dense subgroup and let tth ■ H -3 
U (Li) be a continuous unitary representation. Then tth is uniquely extendable to a continuous 
representation it : G -3 U (H). 

Proof. As tth is a direct sum of cyclic unitary representations ( jNeOOl Prop. II.2.11(H)]), we 
may assume that tth is cyclic with cyclic vector v £ LI. Then the positive definite function 
fn • H —>■ C, fn(h) = (TTH{h)v,v) is uniformly continuous w.r.t. the left uniform structure on 
G (see (HR631 Thm. 32.4(iv)]). Hence fn is (uniquely) extendable to a continuous positive 
definite function /:(?—>■ C which corresponds to a representation n : G —> U (H) with cyclic 
vector v and (t\{ g)v,v) = (tTH( g)v,v) for all g £ H. In particular 7r extends tth- □ 

Lemma 4.11. Let V±,... ,Vk be locally convex spaces and W be a Banach space. Further let 
L\ C Vi,..., Lfc C Vfc be dense subspaces and m' : L\ x • • • x L^ —>• W be a continuous k-linear 
map. Then rn' is uniquely extendable to a continuous k-linear map m : V\ x • • • x Vj. —> W. 

Proof. Choose non-empty convex balanced open subsets Ui C V) for all i £ {1,... , k} such 
that m! is bounded on Ul := U D (Li x • • • x L&) where U := L x ■■■ x Uk- It is easily 
verified that m' is uniformly continuous on each n • Ul- Since n ■ Ul is dense in n ■ U we 
obtain a fc-linear continuous extension m n : n ■ U -3 W of m'\ n .u L for every n £ N (cf. jBofifil 
II.3.6 Thm. 2]). Since U„eN ra ' U = Vi x • • • x 14, these extensions fit together to a fc-linear 
continuous extension m : V\ x • • • X 14 —> W of m 1 . □ 
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Before turning to dense locally exponential subgroups, we state a slightly more general 
theorem on extending smooth resp. semibounded representations. 

Theorem 4.12. Let G, H be locally convex Lie groups with exponential maps and Lie algebras 
0 , fp Let f : H —>• G be a morphism of Lie groups and tt : G —> U('H) a continuous unitary 
representation. Assume that L(f) : h ^ g is a topological embedding with dense range. Then 
the following assertions hold. 

(a) If G is locally exponential and tt o f is smooth then t r is smooth. Moreover, the space of 
smooth vectors for tt and it o f coincide. 

(b) If tt is smooth and n o f is semibounded then it is semibounded. 

Proof, (a) We set tth := tt o /, hi := L(/)(h) and denote the set of smooth vectors for tth by 
T~L 00 {Th) and for -k by 'H°°(n). In this proof we denote by d 7 r(x) the skew-adjoint generator 
of the unitary one-paranreter group t eA 7 r(exp(fcc)) for all x € 0 . Note that 

dTr H {x)\ n oo^ H) = dvr(L(/)(x)) 

holds for x £ 1). For every v £ TL^^tth) and n € N, the continuous n-linear map 

hi X ■ ■ • X hi ->• n, (xi,..., x n ) dTT H (L(fy 1 x 1 ) ■ ■ • d 7 T H {L(f)- l x n )v 

is uniquely extendable to a continuous map : 0 x • • • x 0 —> H by Lemma 14.111 since 
t)i C 0 is dense. We set TOq := v for v £ 'H°°{tth)- For n £ N, we consider the subspaces 
Vn ■= r\ xl ,..., Xneg T>{<1 tt(xi) ■ ■ ■ dTT(x n )) and 

V n ■■= |u £ V n : d7r(xi) ■ ■ • dTr{x n )v = m v n { x\, ...,x n ) for all x t £ 

of n. 

Step 1: For n £ No, v £ 'H 00 {rTH) 1 t £ M x and xo,x ±,..., x n £ 0 we have: 

7r(exp(ix 0 ))m"(xi,.. .,x n ) - m v n (x i, ...,x n ) = t / 7r(exp(tsx 0 ))m^ + 1 (x 0 , ...,x n ) ds. 

Jo 

(4.26) 

This can be seen as follows. First let xo, x \,..., x n £ hi, choose yo £ h such that xq = L(/)(yo) 
and set v := d 7 Tf/(L(/) - 1 xi) • • • d 7 T//(L(/) _ 1 x n )u. Note that v £ 'H 00 ( 7 r//). The Fundamental 
Theorem of Calculus applied to the smooth curve c(s) = 7r(exp(tsxo))u = 7 r_f/(exp(t.syo))u 
yields 

7 r(exp(txo))u — v = t / 7 r(exp(tsxo))d 7 r^(L(/) _ 1 xo)u ds, 

Jo 

which shows that (14.26(1 holds for all xo, • • •, x n £ hi- The map 

R 2 x 0 x • • • x 0 ->• H, (t, s,x 0 ,... ,x n ) i-A 7r(exp(tsx 0 ))mJ( + 1 (x 0 , ...,x n ) 

is continuous since m% +1 and the action G x U —>• Ti, (g,w) i-A t r(g)w are continuous. Hence 
the right hand side of ((4.261) is continuous in (xq, ... ,x n ) £ 0 n+1 . Since the left hand side of 
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(I4.26P is also continuous in (x 0 ,... ,x n ) £ g ra+1 and since f)i C g is dense we conclude that 
(14.2611 holds for all (xo, ■ ■ ■, x n ) £ g n+1 . 

Step 2: 9t°°(7rff) C for all k £ N. 

We show this by induction on k £ N. Let v £ TL°°(tth ) and consider equation (|4.26l) with 
n = 0. Dividing by t and letting t —> 0 in this equation we obtain v £ 'D(&k{x)) with 
dir(x)v = m\(x) for all x £ g. Hence v £ V This shows T-L^^h) C T>\. Now assume 
that T~L°° (tth ) C T>k holds for some k £ N. Let v £ 'H°°( 7 r#) and xo,xi,... ,Xk £ g. Then 
by assumption v := d 7 r(xi)... dir(xk)v = m k (x\,... ,xl). Now consider equation (14.2611 with 
n = k. Dividing by t and letting t —> 0 in this equation we obtain v £ P(d7r(a;o)) with 
d7r(xo)u = m v k+l (x o,... ,Xk) for all x £ g. We conclude v £ T>k +1 and thus C L 4 + 1 - 

Hence Step 2 is proven. 

Since G is locally exponential we know from [NelOa . Lem.3.4] that = kL 00 ^). So 

Step 2 shows that ) = ’H 00 (vr) and in particular n is smooth. 

(b) Since ir o f is semibounded, we find a non-empty open subset U C f) such that the support 
function of vr o / is bounded on U, i.e., 

sup s no f (x) < c < oo 
x&U 

for some c £ R. As s^o/ = sv ° L(/) and since s w is lower semicontinuous we obtain 

sup s 7r (x) < c < oo. 
xeL(f)u 

Since L(/) : 1) —>• g is a topological embedding with dense image, the subset L (f)U C g 
contains interior points. Hence n is semibounded. □ 

Definition 4.13. Let G be a locally exponential Lie group. A (not necessarily closed) sub¬ 
group H of G is called a locally exponential Lie subgroup, if H carries the structure of a 
locally exponential Lie group compatible with the subspace topology H C G. By {Ne06l 
Remark IV.1.22], this structure is unique if it exists. If H C G is a locally exponential Lie 
subgroup, then the inclusion H C G is smooth and it induces a topological embedding of the 
corresponding Lie algebras fi C g. We regard 6 as a subspace of g in this case. 

Corollary 4.14. Let G be a locally exponential Lie group and H C G be a dense locally 
exponential Lie subgroup. Let ith ■ H —> U (H) be a smooth representation. Then tth extends 
uniquely to a continuous representation it : G —> U (Ti). This representation i r is smooth and 
the space of smooth vectors for n and tth coincide. 

Proof. By Proposition 14.101 the representation tth extends uniquely to a continuous represen¬ 
tation 7 T : G —>• TUfH). Let / : H G denote the inclusion. Then tth = vto / and the assertion 
follows from Theorem 14. 12l a). □ 

Corollary 4.15. Let L C Va = C°°(A) be a dense real subspace which is invariant under both 
D and 7 . Consider the oscillator group Gl ■= Heis(L, uia) X 7 M with Lie algebra ql, where 
we assume exp GA (gi) C Gl- Let ttl : Gl —> U('H) be a smooth representation. Then the 
following assertions hold: 
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(a) 7 is uniquely extendable to a smooth representation it : Ga —>■ U('H). 

(b) If D(L) C L is dense and B(I nL )° D W d ngL holds for some d £ M, then -it is semibounded 
with B(I n )° D W d . 

Proof. By Proposition 14. 101 there exists a unique continuous extension 7r : Ga —> U(%) of ir^. 
Let v £ TI be a smooth vector for Since Heis(IGl) and Heis(L) are locally exponential we 
obtain by Corollary 14. 141 that v is smooth for 7r| Heis (y A ). But then the map 

Ga —> C, (t, x, s ) i-A (-7T(t, x, s)v, v) = 0, s)v, i r(—t, —x)v) 

is smooth and thus v is smooth for ir (cf. [NelOal Thm.7.2]). It follows that 7r is smooth. Now 
suppose that D(L) C L is dense and W d D C B(I nL ) G . Let s : W d —> M be the continuous 
extension of |vu d ng L from Remark 12.181 Recall 

Sn L ( a ) = sup (idirL(a)v,v). 

In particular (idTr(a)v, v) < 's(a) for all a £ W d D Ql , ||u|| = 1. Since W d fl ql is dense in W d , 
we obtain by continuity 

Sff(a) = sup (idn(a)v,v) <'s(a) 
veH°° ,\\v\\=i 

for all a £ W d . Therefore 7r is semibounded with W d C B(I n )°. □ 

5 Application to semibounded representations of Ga 

With the results from Section 0] we show that every semibounded representation ir : Ga 
U(77) extends to a holomorphic representation of an associated complex semigroup. This 
result together with the results from |Ne08] allow us to apply C*-methods to semibounded 
representations of Ga, which will be discussed in Section [5721 below. 

5.1 Holomorphic extensions of semibounded representations of Ga 

Recall from Section [3731 the complex involutive semigroups S d = exp c (?'W f P) C Ga, c for 
del. Let us consider another topology. 

Definition 5.1. We denote by ry resp. t v o the topology on V = C°°(A) resp. on V° given 
by the norm x i-A ||x|| + ||7Lc||. Let tx denote the topology on X £ {Ga,c,G®, S d } induced 
by the topology t v o on V°. 

Remark 5.2. Note that the groups ( X,t \) from the preceding definition are not Lie groups 
resp. Lie semigroups, but we may consider (X,tx) as a locally convex space for X £ 
{Ga,c,Ga}- Note also that Heis(V, uja) is a Lie group when V is equipped with ry. The 
topological space ( S d ,rs d ) may be considered as an open subset in the locally convex space 
(GacXGac) since S d is open in (Ga c, t G a c)- This may be seen as follows: Let ip : S 00 —> 
G°a x IT® be the inverse of the polar map. By Remark 12.101 the cone W® C g® is open when 
0 ^ is equipped with the topology induced by the || • ||-topology on V°. Hence Proposition 
13.18( c) yields that S d = 1 (G^ x W°) is open in (Ga,cXg a ,c)- 
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As (G®, W ( f) is complexifiable by Proposition 13.221 Theorem 14.91 yields a one-to-one cor¬ 
respondence between semibounded representations v : G® —)• U("H) with W® C B(I U ) and 
non-degenerate holomorphic representations p : Sd —> B(H). However, it does not say if v is 
smooth when G® C Ga is equipped with the subspace topology nor does it say whether v 
may be extended to Ga- This will be part of the next theorem. 

Let 7T : Ga —>• U(%) be a semibounded representation. From Proposition 12.91 we know that 
B(I n )° is one of the cones ±Wd,d £ R or g. Since we may switch from H(/ 7r )° to —B(I n )°, 
we may assume Wd C B(I n )° for some d £ R. Note that := 7r| G o is a semibounded repre¬ 
sentation since the topology on G® is finer than that on Ga- Note also VFjp C 5(1^)°. Since 
(gS.w?) is complexihable by Proposition 13.221 we obtain by Theorem 14.31 the holomorphic 
representation : Sd —>• B(fK) of the complex involutive semigroup Sd- We set tt := Note 
that 7f also depends on d. 

Theorem 5.3. Let d £ R. The assignment n h > n yields a bijection 

f 7r : Ga —> U(%) semibounded 'I f p : Sd —>• B(fH ) non-degenerate 1 

\ representations with Wd C B(I n )° J ( holomorphic representations J 

which preserves commutants, i.e., tt(Ga)' = n(SdY- Moreover, every 5>(7t) is holomorphic as 
a map T>(7r) : (Sd,Ts d ) —» B{TL) and for every 7r f/ie representation 7r|H e is(V) smooth when 
V is equipped with topology ry. 

Proof. Let d £ R. Suppose <&(7n) = $>( 712 ). Then 7 Ti| g o = 7T2| g o by Theorem 14.91 Since G® 
is dense in Ga and 7 Ti, 7T2 are strongly continuous we conclude ir\ = 7T2- Hence 4> is injective. 
Now let p : Sd —>• B(fH) be a non-degenerate holomorphic representation. By Theorem 14.91 
there is a semibounded representation iTh : G® —> B(7i) with 7r h = p and W® C B(I nh )°. 
From Proposition 12.171 applied to the oscillator groups G® C Ga we know that s %h \ w o is 
continuous when W® is equipped with the topology induced by the || • ||-topology on V°. By 
Proposition 13.181 the inverse of the polar map 

ip d ■■ S d ->• Ga x W°, gexp c (iw) >-a ( g,w ) 

is continuous when G® x W® is equipped with the topology induced by the || ■ ||-topology on V° 
and Sd is equipped with Ts d - Let P : G® x W® — > W® , (g,w) i-A w. For s = gex.p c (iw) £ S ( i 
we then have 

||7f ft (s)|| = e s ^ w) = e s ^ Pv > d{s)) . 

Hence is locally bounded when Sd is equipped with Ts d - Since 7 ?h is holomorphic on affine 
discs (of complex dimension 1) in Sd, we obtain that iff-, is holomorphic w.r.t. Tg d , c.f. IBS71. 
Thm. 6.2] and Remark 15.21 With the explicit formula for the multiplication in Ga ,c it is 
easily verified that, for every s € Sd, the map 

G*a Sd, g t-A gs 

is smooth when G® is equipped with r G o and Sd is equipped with Tg d . Thus, for every s £ Sd 
and v £ H, the map 

Ga ^ Pl,g eA n h (g)Tf h (s)v = n h (gs)v 
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is smooth when G® is equipped with the topology r G o. Since span(7 Th(Sd)'H) is dense in hi, we 

obtain that 7pi|Heis(U°) is smooth w.r.t. t v o and that iTh is smooth when G® C Ga is equipped 
with the subspace topology. By Corollary I4.15f a) and Corollary 14.141 we therefore obtain a 
smooth representation it : Ga U (hi) extending ir^ such that 7r| Heis (y) is smooth when V 
is equipped with the topology ry. Since W® = Wj n g® C B(I nh )° and since D(V°) C V 
is dense, we obtain from Corollary 14.151 b) that it is semibounded with W ( i C B(I n ) Q . By 
construction we have <b(7r) = = p. Thus is surjective. Since G® C Ga is dense and n 

is strongly continuous we have tt(Ga)' = ^(^a)' = ^(Sd)', where the last equation holds by 
Theorem 14.91 □ 

Corollary 5.4. Let it : Ga —>• U (LI) be a semibounded representation. Then 7r|H e is(V) a 
smooth representation when V is equipped with the topology ry. 

Proof. Recall that we may assume B(I n )° C W oo and therefore B(I W )° = W c j for some d € R. 
Hence the assertion follows from Theorem 15.31 □ 

5.2 (7*-algebras associated to Ga 

In the preceding subsection we showed that, for d € R, the semibounded representations 
7r : Ga U (H) satisfying Wj C 3(1^)° are in one-to-one correspondence with non-degenerate 
holomorphic representations p : Sd —> B(fH ) (Theorem 15.31) . From |Ne08] it is known that, for 
every locally bounded absolute value a on Sd, there is a C*-algebra C*(Sd,a) such that the 
a-bounded non-degenerate holomorphic representations of Sd correspond to the representa¬ 
tions of C*(Sd, a). Combining these results will allow us to apply C*-methods to semibounded 
representations of Ga- In particular, we show that for a separable oscillator group Ga ev¬ 
ery semibounded representation of Ga on a separable Hilbert space is a direct integral of 
semibounded factor representations. 

Let S be a complex involutive semigroup and a be a locally bounded absolute value on S. 

Definition 5.5. To the pair (S,a) we associate the C*-algebra C*(S,a) as defined in |Ne08 . 
Def. 3.3]. According to jNe08i Thm. 3.5], there exists a holomorphic morphism r/ a : S —> 
C*(S,a) of involutive semigroups with total range, i.e., rj a (S) spans a dense subspace of 
C*(S,a), such that ||? 7 a(s)|| < a(s),s € S, and the following holds: 

Proposition 5.6. For every a-bounded holomorphic representation it : S —> B(PL) there exists 
a unique representation tt : C*(S,a) B{T-L) such that n = Trorj a holds. Conversely, for every 
representation tt : C*(S,a) —> B{T-L), the representation ttot] q : S —> B{LL) is holomorphic and 
a-bounded. The commutants of tt and tt o r] a coincide, i.e. tt(C*(S, a))' = Tr(r] a (S)y. 

Proof. The first statement is |Ne08l Thm. 3.5(h)]. The second statement holds, since 7r is 
holomorphic and contractive as a morphism of C*-algebras and since ||i? a (s)|| < a(s) for all 
s € S. The equality of commutants TT{C*{S,a))' = Tt(rj a (S)y is easily derived from the fact 
that r)a(S) is total in C*(S,a). □ 

Remark 5.7. (a) A representation -tt : C*(S,a) —» B(PL) is non-degenerate if and only if 

the holomorphic representation TTop a : S —>• B{fH ) is non-degenerate. This follows from 
the fact that rj a (S) is total in C*(S,a). 
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(b) C*(S,a ) is separable if S is separable, since r) a (S ) is total in C*(S, a). If S = Sd = 
G® exp c(iW®) for some d £ M, then S is separable if and only if V = C°°(A ) C H,\ is 
separable, which is equivalent to the separability of Ha- 

The preceding proposition entails that the ct-bounded holomorphic representations of S 
are in one-to-one correspondence with the representations of the C*-algebra C*(S,a). For 
separable C*-algebras there is a good disintegration theory. We shall show now that the 
correspondence in Theorem 15.31 behaves well under disintegration. For the concept of direct 
integrals we refer to [Di81l Part II]. 

Lemma 5.8. Assume that V = C°°(A ) is separable. Let a : Sd —$■ M. be a locally bounded 
absolute value and rj a : Sd C*(Sd,a ) as above. Let 7f : C*(Sd,a ) —> B{PL) be a non¬ 
degenerate representation. Suppose that PL is separable and that 

(n,PL)^[j\ x dg(X),J® 

where X is a Borel space, g a positive measure on X and A i-A 7 x\ a g-measurable field of 
representations of C*(Sd,a) on the PL\. Then the following assertions hold. 

(a) There exists a g-zero set N C X such that n\ is non-degenerate for every A £ X\N. 

(b) Let 7r := o rj a ), where is as in Theorem 15.31 Set 1 t\ := o rj a ) for all 

A € X\N and let tt\ be the trivial representation for A € N. Then we have 

( Z 4 © /*© 

J tta d^(X), J x H\ dn( A) 

Proof. Part (a) follows from |Di77l 8.1.5]. We set G := G® and S := Sd- Let X' := X\N and 
let us identify (7 t,TL) with (fy tt\ d/i{X),j®'H\ dp,( A)). Recall 

n{g)n(ria(s)) = n(r] a (gs)) and ^\{g)^\{g a {s)) = TT\{ri a {gs)) (5.27) 

for all g <E G, s € S, A G X’ by Remark |4.6l al . Thus the field A i-A Tr\(g)TT\{g a (s))v\ on X is 
/x-measurable for all g G G, s € S, v = J® v\ dg( A) € Ti. This implies that A i-A iT\(g)v\ is g- 
measurable for every v = J® v\ dg( A) € H 0 := span(7r (r] a (S))'H). Now let v = J® v\ dfi(X) € 
PL. Since PL° is dense in PL, we find a sequence v n = J® v\ )U dg( A) in PL° such that v\ n -e v\ 
holds for ^r-almost all A in X. Thus, for every g E G, the held A i-> TT\(g)v\ is /U-measurable 
as a pointwise-limit of a sequence of /x-measurable fields. Moreover, since G C Ga is dense, 
we find for each g £ Ga a sequence g n € G with g n —»• g. Since 7 Ta is strongly continuous, we 
now see that for every g £ Ga the held A i-A 7 i\{g)v\ is /r-measurable as a pointwise-limit of a 
sequence of g -measurable helds. Hence we have shown that X 9 A 1 —> ir\(g) is a g -measurable 
held of operators for every g £ Ga and we therefore may consider the decomposable operator 
/® Tr\(g) dg(X) £ l fiPL) for g £ Ga- From the equations (15.271) we easily derive that the 
operators n(g) and J® n\(g) dg(X) coincide on the dense subspace PL° for every g £ G. By 
continuity we therefore have ir(g) = J® 7 T\(g) dg(X) for all g £ Ga- □ 



T~L\ dg(X) , 
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Corollary 5.9 (Disintegration into factor representations). Suppose that C°°{A) and hi are 
separable and let it : Ga —> U('H) be a semibounded representation. Let W c [ C B(I n )° for some 
d£l. Then we have 


/ /*© /*© 

(7 T,n) = (j 7 r A dp(X), J U\ dp{ A) 


where X is a standard Borel space, p a positive measure on X and 1 t\ : Ga —> \J{hix) is a 
semibounded factor representation with Wd C B(I n )° for all X £ X. 

Proof. Consider the non-degenerate holomorphic representation -ir : Sd BifH) from Theo¬ 
rem [5731 We set a(s) := ||7r(s)|| and consider the associated non-degenerate representation 
7? : C*(Sd,Oi) —> BifH ) satisfying h = vf o rj a from Proposition 15.61 By applying |Di77l Thm. 
8.4.2], we obtain 

(n,hi)=(j\xdp(X),J® 

where X is a standard Borel space, p a positive measure on X and tt x is a factor representation 
for every A G X. Lemma 15.81 yields 


U\ dp{ A) 


(tt ,hi)=(^J 7 t x dp(X), j LLxdn(X) 


Here tt\ = < h” 1 (7r^ o rj a ) for A G X\N and tt\ is the trivial representation for A G N, where 
N C X is as in Lemma [5.81 In particular tt\(GaY = to, (C*(Sd,a))' for all A G X\N, cf. 
Theorem 15.31 and Proposition 15.61 Hence ir\ is a semibounded factor representation for all 


A G X. 


□ 


Corollary 5.10 (Central disintegration). Suppose that C°°(H) and hi are separable and let 
it : Ga —>• U {hi) be a semibounded representation. Then we have 


/ /*© P® 

(t t,LL) = ( ir x dp,( A), / Hx d/a{ A) 
M J ]R 


where p, a positive measure on R and n x : Ga U fH\) is a semibounded representation with 

TT\(t, 0,0) = for all t Gl and almost all A G R. 


Proof. Assume w.l.o.g. Wd C B{I n )° for some d G R. Consider the holomorphic extension 
if : Sd —>• BfH) from Theorem l5.3l set a(s) := ||7r(s)|| and recall the associated non-degenerate 
representation 7 f : C*(Sd, of) —> BfH ) satisfying 7r = 7r o rj a from Proposition 15.61 Let 7r c (t) := 
7T (t, 0,0) for t G R, so that ir c : R —> U (hi) is a continuous unitary representation. The Spectral 
Theorem yields 


7T, 




7T, 


c, A 


dp(X), J 


Ux dp{ A) 


where p is a positive measure on R and 7r c ,x(t) = e® A *l, cf. e.g. [GV64. sect. I.4.A.1]. Let us 
consider this equivalence as an identification of the corresponding spaces. One may verify that 
7 t c (R)" is the algebra of diagonalizable operators on hi = /* hix dp(X). Since R x {0} x {0} is 
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the center of Ga we have Tv(C*(Sd,a))" = tt(Ga)" C 7 r c (Ry. Thus every tv (a), a E C*(Sd,a), 
is a decomposable operator, cf. [DiHL II.2.5. Cor.]. Therefore [Dl77l Lem. 8.3.1] yields a 
direct integral decomposition 

( /*© /*© 

/ tta dfi(X), / U\ dn{ A) 

J M J M. 

With Lemma 15.81 we obtain further 

(vr ,w)=f r 

M J M. 

where 717 : Ga —>• U('H) are senribounded representations for all A £ R. In particular 
J® 717 ( 1 ,0,0) dn(X) = 7 r(l, 0 ,0) = 7 r c (f) = f e e zAt 1 dfi(X). Hence there is a /r-zero set IV C R 
such that 7 Ta( t, 0,0) = e*^l holds for all A E R\1V, 1 E Q. By continuity this also holds for all 
t E R. Now the statement follows. □ 

Remark 5.11. If infSpec(A) > 0 we show in |Zel5] that the C*-algebras C*(Sd,a ) are 
postliminal and all semibounded representations of Ga are of type I. 

5.3 A smoothness condition 

The main result of this subsection is Theorem 15. 131 It gives a criterion for the extendability of 
representations of certain dense direct limit subgroups of Ga, which are assumed to be smooth 
w.r.t. the finer direct limit topology, to semibounded representations of Ga- This plays an 
important role in the study of semibounded representations of Ga (cf. [MU). 

Remark 5.12. Consider a standard oscillator group Ga = Heis(V, uja) x 7 R, V = C°°(A). 
Suppose we are given 7 -invariant complex subspaces V n C V, which are closed in V, with V n C 
V n+ \ for all n E N. Further we assume that V(oc) '■= U n An is dense in V. Then 7 restricts to 
unitary one-parameter groups R -7 U(F n ) for all n E N with self-adjoint generator A n = A\y n 
with domain V(A n ) C Ha u , where the Hilbert completion Ha„ of V n may be considered as 
a closed subspace of Ha- Note that C°°(A n ) = V n f [NZ13L Lem. 4.1(b)]). The corresponding 
oscillator groups Ga„ are subgroups of Ga and we also consider the corresponding complex 
groups Ga„,c and complex semigroups Sa„- We set 

^( 00 ) := Uj -S'(oo) := anc ^ ^( 00 ),€ := Heisc((H( 00 ))c,a;c) x 7 C = (^JGa^.c 

n n n 

which are dense in G®, Sa resp. Ga,c by Proposition IA.Ill (note (J n V® = ((J n V n )°). Recall 
the polar map ^ : G^ x W® —> Sa- Proposition 13.181 applied to GA n ,n E N, entails 

^(Gfoo) x (W® n flg^)) = 5 (oo) = {(z, x, s ) E G (oo)iC : Ima > 0}. 

Note that = G^yc D Sa is open in G^) c . Now consider a locally bounded map 

/ : < 5 ( 00 ) B into some Banach space B , where S'/ oc ) C Sa is equipped with the subspace 
topology. Then / is holomorphic if and only it is holomorphic on affine discs and hence if and 
only f\s An is holomorphic for all n E N. 


H\ dfi( A) 
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Theorem 5.13 (Smoothness condition for semibounded representations). Let V n C V = 
C°°(A) be 7 -invariant closed complex subspaces of V with V n C V n+ i for all n £ N and such 
that U n V n is dense in V. Let 7 r° : Heis((J ra V n ) xi 7 M —>• U (LI) be a (not necessarily continuous) 
representation satisfying 0,0) = e lt l for all t £ M. Assume that 7r°|H e is(y„)xi 7 ]R is a smooth 
representation for all n € N and that the self-adjoint generator B of s i—>■ vr°(0, 0, s) is bounded 
from below. Then n r° is continuous and extends uniquely to a semibounded representation 

vr : G a 

Proof. We set V (oo ) := [) n V n and A n := A\ Vn . Recall G^ = U n and S (oo) = U„ S A n 
from Remark 15.121 From Proposition 13.181 we recall the polar map 

ip-.G^x 1 -A S A , ( g,w ) gexp c (iw). 

By Remark 15.121 we know that x (Woo H 0 ^,))) = S^y By Lemma [ 2.201 TT°\n A ^ is 

semibounded for all n £ N and we may define 

vf 0 : 5 (oo) -A B(LL),gexp c (iw) ha n° (g)e ld7T °( w) . 

Let a := inf(SpecR). Consider 

IHI 2 . n 

a a : SU —> M, < 7 exp c (zw?) ha e 2 a sa for w = (t,x,s) £ Wff. 

Note || 7 T°(gfexp c (zw;))|| = e s n°( w ) = a a (gexp c (iw)) (see equation (12.91) 1. Thus 7 r°|s An is a a - 
bounded and holomorphic for all n £ N fTheorem l5.3l) . We conclude that 7 r° is a a -bounded and 
thus also holomorphic (cf. Remark 15.121) . By Proposition !3.18T cl. the map a a is continuous 
w.r.t. the C°°-topology on Sa- Hence 7 r° is holomorphic w.r.t. the G^-topology on S^y It 
follows that, for every v £ LI, the map 

G (L) ->'U,ge+ 7 r°(< 7 )vf 0 ( 0 , 0 , i)v = n°(g • ( 0 , 0 , i))v 

is smooth when G ^ C Ga is equipped with the subspace topology. As 7 r°( 0 , 0 , i)LL is dense 

in Li (since ker e * d 7 r °(°A 1 ) = 0 ), we conclude that V : \ G o is a smooth representation when 

1°°) _ 

G^) C Ga is equipped with the subspace topology. With Corollary 14.151 a) we obtain a 
smooth representation ir : Ga —> U (Li) extending 7 r°. By Lemma 12.201 this representation 7 r is 
semibounded. □ 

Remark 5.14. The preceding theorem is quite useful. Suppose for instance that we have V n C 
V finite-dimensional 7 -invariant complex subspaces with V n C R 1+1 for all n £ N, Un V n TV 
dense and tt h : Heis(U n V n ) -A U (LL) a ray-continuous representation with ^(i, 0 ,0) = e lt l. 
Let us further assume the existence of a continuous unitary one-parameter group 7 : R — > U (H) 
with self-adjoint generator bounded from below such that 

= Tr H (-f(t)x) 

holds for all x £ U n V n ,t £ R. Then, with the preceding theorem, we obtain a unique 
semibounded representation 7 r : Ga —> U (LL) with 7 r| Heis (|j y r y = ir H and 7 r( 0 ,0, s) = j(s). 
Therefore we obtain in this context a one-to-one correspondence between semibounded rep¬ 
resentations of Ga on a Hilbert space LI and ray-continuous representations of Heis(U n V n ) 
on LI together with an implementation of 7 by a unitary one-parameter group on LI whose 
self-adjoint generator is bounded from below. 
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A Appendix: Entire vectors for equicontinuous actions of R 

In this section let V be a locally convex space over K. £ {M, C} and let 7 : M —>■ End(E) be 
a representation defining a smooth action R x V —>■ V, (t, x) >—>■ 7 (t)x. We set D := 7 '( 0 ) £ 
End(E). The set of continuous seminorms on V is denoted by T(V). By r(E ) 7 we denote the 
set of 7 -invariant continuous seminorms on V. 

Definition A.l. The representation 7 is called equicontinuous if the subset 7 (H) C End(C) 
is equicontinuous, i.e., if for every open O-neighborhood U in V there exists a O-neighborhood 
W in V such that 7 (i)W C U holds for every t £ M. 

Proposition A.2. ( [NelOcl Prop. A.l]) The following conditions are equivalent: 

(a) 7 is equicontinuous. 

(b) The topology on V is defined by the set of 7 -invariant seminorms T(E) 7 . 

(c) There exists a basis of 7 -invariant absolutely convex O-neighborhoods in V. 

Definition A.3. For each q £ T(P) on V we define 

Qn(v) ■■= Y Jf nk <l( Dkv ) e [ 0 ,oo] 
fc >0 

for v € V, n £ N. Note q(v) < q n (v) for all n £ N, v £ V. We consider the subspace 

V° := {v £ V : q n (v) < 00 for all q £ T(E) and n £ N}. 

The elements of V° are called 7 -holomorphic vectors in V. We equip V° with its natural C°- 
topology given by the seminorms q n \yo, where (q,n) £ r(P) x N. Note that V° is invariant 
under 7 (t),t £ M and D. 

Remark A.4. (a) Suppose that V is sequentially complete and let v £ V. Then v £ V° 

holds if and only if the orbit map 1 1 —> 7 (t)u extends to a holomorphic map C —> Vc- 

(b) If T(V) is replaced in Definition IA.3I by any set of seminorms generating the topol¬ 
ogy on V, the space V° and the C^-topology remain the same. In particular, if 7 is 
equicontinuous then V° = {u £ V : q n (v) < 00 for all q £ T(E) 7 and n £ N} and the 
C^-topology is generated by the 7 -invariant seminorms q n \vo where (q, n ) £ T(E ) 7 x N, 
cf. Proposition IA.21 

(c) If 7 is equicontinuous, then 7 (H )\ v o C End(P c> ) is also equicontinuous with V° equipped 
with the C^-topology. This follows from (b) and Proposition IA.2I 

Remark A.5. Suppose that V is a real locally convex space. Let Vc = V C be the 
complexification of V with its natural topology turning it into a complex locally convex space. 
By complex-linear extension of 7 (t) we obtain a one-parameter group j c : R —>• End(Vc) with 
generator 7 ^( 0 ) = Dc inducing a smooth action M x Vc — > Vc,(t,v) i-a 7 c (f)u. Then 7 is 
equicontinuous if and only if y c is equicontinuous. Furthermore ( Vc)° = ( V°)c holds as 
topological vector spaces, where ( Vc)° denotes the space of 7 c -holomorphic vectors in Vc- 
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Proposition A. 6 . Suppose that V is sequentially complete. Then the following assertions 
hold: 

(a) If 7 is equicontinuous, then V° C V is a dense subspace. 

(b) The space V° equipped with the C°-topology is sequentially complete. 

(c) Suppose, in addition, that V is a complex locally convex space. Then 

7C : C x V° —>■ V°, (, z, v ) i y 7 c( z )v := ^ yZ k D k v 

k>0 h " 

defines a holomorphic action extending the action of 7 on V°. In particular, the map 
M x V° -7 V° , (t,v) i-A 7 (t)v is analytic. 

Proof. For (a) we may assume in view of Remark IA.5I that IK = C. Now (a) follows from 
|Ma921 Prop 1.13]. 

(b) Let (v n ),v n £ V° be a Cauchy sequence for all q m , Q £ r(V),m £ N. Then (v n ) is 
also a Cauchy sequence for every q £ r(P). Since V is sequentially complete we find v £ V 
such that v n —>• v holds in V. Since D : V —> V is continuous this implies D k v n —>• D k v in V 
as n — > 00 for every k £ No- Now let q £ r(P) and m £ N. For e > 0 there is an no £ N such 
that q 2 m.( v n ~ Vn') < § holds for all n,n! > no- Hence 

^q(D k (v n - v n ’))m k < for all n, n' >n 0 ,k> 0. 

If we let n 1 —> 00 we obtain ^ q(D k (v n — v))m k < for ah n > no, k > 0. This yields 

q m (v n — v) < e for all n > no- 

In particular this yields q m (v) < q m {v — v no ) + q m (v no ) < 00 , so that v £ V°. It also implies 
v n —> v with respect to the C^-topology. 


(c) First note that 7 c is well-defined as a map C x V° —> V, since for every v £ V° the 
power series Y^k >0 h zk D k v converges absolutely in V for all z £ C. For m £ N, z £ C, v £ V° 
we calculate: 

q m (7c(z)v) = Err"N(o l (Er' 0,i -)) £ EE 

k\l\ ^ ^ ^ 

k >0 l >0 k >0 Z>0 

= ^2 —.(m + \z\) n q(D n v) < q m +c(v) 

n>0 

for c £ N with c > \z\. This shows that 7 c£ V° and that 7 c is locally bounded. 
Certainly the map C —> V®,z H > 7c{ z ) v is holomorphic for each v £ V° . Moreover ^c{ z ) v 
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is linear and holomorphic in v for fixed Since 7 c is locally bounded we obtain that 7 c is 
holomorphic. A direct calculation shows that 7 c is indeed an action of (C,+) on V°. In 
particular we may consider 7 c as a representation 7 c : C —>• End(C c> ). For v £ V° consider 
the map f v : R —> V, t i-a 7 c (t)v. We have /„(0) = v and f' v {t) = Df v (t). As the generator D 
determines 7 , cf. }Ma92 , Thm. 1.5], we conclude that 'yc(f) v = f v (t) = 7 (t)v, i.e., 7 c extends 
the action of 7 on V°. □ 

Remark A.7. (a) If V is complete then V° is also complete. This may be proven as 

Proposition IA. 6 l bl by considering nets instead of sequences. 

(b) Suppose that V is complete and assume that 7 is equicontinuous. Then 7 (E) \ v o C 
End(P c> ) is also equicontinuous by Remark IA.4l ch For every / £ L 1 (R, K), where 
IK £ {R, C}, the continuous linear operator vr(/) := J R /(t) j(t) dt £ End(E c> ) exists in 
the sense of weak integrals. Moreover this leads to an algebra representation 

vr : (L 1 (R, IK), +, *) —>■ B(V°), 

where * denotes the convolution product in the group algebra L 1 (R, IK). For this we 
refer to jjNelOcl. Def. A.5(a)]. 

Remark A. 8 . Consider the situation when 7 : R —> U (H) is a unitary one-parameter group 
on a complex Hilbert space H with self-adjoint generator A. With V := C°°{A ) the space 
of 7 -smooth vectors in H equipped with its natural C^-topology we obtain a smooth action 
Rxy —> V, (t, v) i->- 7 (t)v. Obviously, y(R) C End(F) is equicontinuous and V is complete. 
Dehne q n (v) := Ylk >0 irll^^ll ^ or ^ G F, n £ N. Then it is easily seen that V° = {u £ V : 
q n (y) < 00 Vn £ N} and that the C^-topology on V° is given by the norms q n \yo,n £ N. 

In the following, let V := C°°(A), H and 7 be as in Remark I A. 8 1 By R(R ) 7 we denote the 
subspace of operators in B(H ) which commute with 7 (t) for all t £ R. We equip both R(R ) 7 
and B(H ) with the operator norm topology induced by the norm || • || on H. It turns them 
both into Banach spaces. Set D := iA\y and assume kerU = 0. 

Lemma A.9. (a) Every T £ B(H)' 1 leaves V° invariant, i.e. T(V° ) C V°. 

(b) The map a : B(R ) 7 x V° —X V°,(T,v) 1 —> Tv is holomorphic. Moreover, for every 
k £ No, the map a is holomorphic when V° is equipped with the norm x e-x j|A fc x||. In 
particular a is holomorphic when V° is equipped with the C°°-topology. 

Proof. Recall the seminorms q n ,n £ N from Remark IA. 81 Let T £ R(iL) 7 . Certainly T leaves 
V = C°°(A ) invariant. For v £ V° we have 

in(Tv) = £ 2 y £ IWI ■ *,(»)• 

fc >0 K ' fc >0 

This shows (a). 

(b) Since a is complex bilinear, we only have to show that a is continuous w.r.t. the stated 
topologies. This follows from the following estimates: 

q n (a(T,v)) = q n (Tv) < ||T|| • q n {y) 
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for n £ N, v £ V° and 

||A*a(r,ti)|| = WTA^vW < ||r|| ■ ||7l‘ti|| 

for k £ No, v £ V. □ 


Let U C C be an open subset and f : U x K -> C be a map such that 
bounded measurable function on M for every s £ U. We set f s (x) := f(s,x ) 
f(s,A ) := / S (A) € B(H ) by functional calculus of the self-adjoint operator A. 
fs(A) £ 


/Or) is a 

and define 
Note that 


Lemma A.10. Assume that f(-,x) is a holomorphic function on U for every x £ R. Assume 
further that §y(s, x) is a bounded function in x locally uniformly in s. Then the map F : U —>■ 
R(i7) 7 ,,s i-A f(s,A) is holomorphic. 


Proof. The assumption on ^ implies that the functions f(s, ■) are bounded locally uniformly 
in s. Hence F is locally bounded. Let s £ U and let s n —>■ s with s n ^ s for all n £ N. 
Consider 


9n(x) 


f(s n ,x) - f(s,x) df , ^ 

- jrv s i x ) 

Sn — s OS y ' 


and note g n (x) — > 0 for all x € M. The assumption on ^ implies that the functions g n are 
uniformly bounded. Hence |RS73l Thm. VII.2(d)] implies that g n {A) —> 0 strongly. Thus, the 
map U —> H,s i—» f(s,A)v is complex differentiable, i.e. U H,s i—» F(s)v is holomorphic 
for every v € H. Since F is locally bounded we conclude that F is holomorphic (cf. }Ne081 
Lem. 3.4]). □ 


Proposition A. 11. The space V b := {v £ V : v is 7 - bounded } is dense in V° . More 
generally, if L C V is dense w.r.t. the || • ||-topology and invariant under Pa(J) for all bounded 
intervals JcK, then L fl V° is dense in V°. Here Pa denotes the spectral measure of A. 

Proof. For v £ V° define v n := Pa([— n,n])v £ V b . Let m £ N. Then 


iV fc 

q m (v - v n ) < TjIK 1 _ p A{[-n,n]))A k v\\ + r(N) 
k =0 

where r(N) := Ylk>N converges to zero for N -A- 00 . For every k we have: 

(1 — Pa([— n,n]))A k v —> 0 for n —> 00 . 

We conclude that q m {y — v n ) —> 0 for n —> 00 . Thus V b C V° is dense. For the second 
statement we only have to show that L fl V b is dense in V b . Let v £ V b and choose a bounded 
interval J Cl with Pa(J)v = v. We choose v n £ L with v n —> v in the norm topology. Then 
v' n := P(J)v n £ L nV b and obviously v' n —> v in the C^-topology. □ 


Acknowledgements. 

I am grateful to Karl-Hermann Neeb for helpful and inspiring discussions and for reading 
preliminary versions of the manuscript. I acknowledge the support of DFG-grant NE 413/7-2 
in the framework of SPP “Representation Theory”. 


42 








Complex Semigroups for Oscillator Groups 


References 


[B 066 ] Bourbaki, N., “General Topology I; II,” Hermann, Paris, 1966. 

[BS71] Bochnak, J., and J. Siciak, Analytic functions in topological vector spaces , Studia 
Math. 39 (1971), 77-112. 

[Di77] Dixmier, J., “C'*-algebas,” North-Holland Publishing Co., Amsterdam, 1977. 

[Di81] Dixmier, J., “Von Neumann Algebras,” North-Holland Publishing Co., Amsterdam, 
1981. 


[GV64] Gelfand, I., and N. Vilenkin, “Generalized Functions 4, Applications of Harmonic 
Analysis,” Academic Press, New York, 1964. 

[G104] Glockner, H., Lie groups over non-discrete topological fields, preprint, arXiv: 
math.GR/0408008, (2004). 

[GN09] Grundling, H, and K.-H. Neeb, Full regularity for a C*-algebra of the Canonical 
Commutation Relations, Reviews in Math. Physics 21:5 (2009), 587-613. 

[HaOO] Haus, H. A., “Electromagnetic Noise and Quantum Optical Measurements,” 
Springer Press, New York, 2000. 

[H092] Hilgert, J., and G. Olafsson, Analytic continuations of representations, the solvable 
case, Jap. Journal of Math. 18 (1992), 213-290. 

[HR63] Hewitt, E., and K. A. Ross, “Abstract Harmonic Analysis I; II,” Springer-Verlag, 
Berlin, 1963; 1970. 

[MN11] Merigon, S., and K.-H. Neeb, Analytic extension techniques for unitary representa¬ 
tions of Banach-Lie groups, Int. Math. Res. Notices 18 (2012), 4260-4300. 

[Ma92] Magyar, Z., “Continuous Linear Representations,” North-Holland mathematics stud¬ 
ies, vol. 168, North-Holland, 1992. 

[NeOO] Neeb, K.-H., “Holomorphy and Convexity in Lie Theory,” Expositions in Mathe¬ 
matics 28, de Gruyter Verlag, Berlin, 2000. 

[NeOl] —, Compressions of infinite dimensional bounded symmetric domains, Semigroup 
Forum 63:1 (2001), 71-105. 

[Ne06] —, Towards a Lie theory of locally convex groups, Jap. J. Math. 3rd ser. 1:2 (2006), 

291-468. 

[Ne08] —, A complex semigroup approach to group algebras of infinite dimensional Lie 

groups, Semigroup Forum 77 (2008), 5-35. 

[Ne09] —, Semibounded unitary representations of infinite-dimensional Lie groups, in ’’In¬ 

finite Dimensional Harmonic Analysis IV”, Eds. J. Hilgert et al, World Scientific, 
2009; 209-222. 


43 



Complex Semigroups for Oscillator Groups 


[NelOa] —, On differentiable vectors for representations of infinite dimensional Lie groups, 
J. Funct. Anal. 259 (2010), 2814-2855. 

[NelOb] —, Semibounded representations and invariant cones in infinite dimensional Lie 
algebras, Confluentes Math. 2:1 (2010), 37-134. 

[NelOc] —, Holomorphic realization of unitary representations of Banach-Lie groups, in ’’Lie 
Groups: Structure, Actions and Representations”, Progress in Math., 2012. 

[NZ13] Neeb, K.-H., and C. Zellner, Oscillator algebras with semi-equicontinuous coadjoint 
orbits, Differ. Geom. Appl. 31 (2013), 268-283. 

[NSZ15] Neeb, K.-H., H. Salmasian, and C. Zellner,, Smoothing operators and C*-algebras 
for infinite dimensional Lie groups, submitted, arXiv: 1505.02659. 

[RS73] Reed, M., and B. Simon, “Methods of Modern Mathematical Physics I: Functional 
Analysis,” Academic Press, New York, 1973. 

[Ro93] Robinson, P.L., Symplectic pathology, Q. J. Math. 44 (1993), 101-107. 

[Zell] Zellner, C., Semibounded unitary representations of oscillator groups, PhD Thesis, 
Friedrich-Alexander University Erlangen-Nuremberg, 2014. 

[Zel5] —, Semibounded representations of oscillator groups, in preparation. 


44 



